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Abstract
Two-dimensional(2D)materialspresentarapidlydevelopingﬁeldofresearchwithsome-
timeshighlyunusualanduniquelytwo-dimensionalphysics.Startingwithgraphene,
manyrecentstudieshaveinvestigated2Dmaterials,withresultsforpropertiesencom-
passingsuchdiﬀerenttopicsasDiracelectrons,chargeordering,andsuperconductivity.
Togetclosertoapredictivetheoryofthephasesof2Dmaterials,thisthesissystemati-
calytacklesthepreviouslyunclearproblemoftheCoulombinteractionanditsinﬂuence
ontheelectronicandmany-bodyproperties,withthefocusontransitionmetaldichalco-
genides(TMDCs). Whilethisinﬂuencecanbequitestrongduetothelowdimensionality
andthecorrespondingreducedscreening,thereissofarnocomprehensiveunderstand-
ingoftheCoulombinteractionin2D,itseﬀects,andthepossibilitiesforengineering
it. Furthermore,theinterplaybetweenelectron-electroninteraction,electron-phonon
interaction,andscreeningisfarfrombeingfulyunderstood. Thegoalofthisthesis
istoimproveonthisbyprovidingadescriptionoftheCoulombinteractionfortheex-
ampleoftheTMDCsaswelastodevelopamaterial-systematicdatabaseonthebasis
ofab-initiocalculationsforelectronsandphonons. WeuseDensityFunctionalTheory
todescribetheelectronicstructure,DensityFunctionalPerturbationTheoryforthe
phononsandtheelectron-phononinteraction,andtheRandomPhaseApproximation
toobtainCoulombmatrixelements.Inadditiontobothsemiconductingandmetalic
TMDCs,welookatfunctionalizedgrapheneC8H2. Theﬁrststepisaquantiﬁcation
oftheCoulombinteractionandthescreeningintheTMDCsalongwithcalculations
fortheplasmonicspectra,whichturnouttobehighlysusceptibletoenvironmentand
doping.Secondly,wediscusstheinﬂuenceoftheinteractionondiﬀerentmany-body
instabilitiesandﬁndasmalsuppressionofsuperconductingorderinsemiconducting
TMDCs,dependingagainondopingandthedielectricenvironment,whilethemag-
neticorderinmetalicTMDCsisenhanced.Ifwefurtherincludethephonons,wesee
thatsuperconductivityispredictedtobeaglobalphenomenoninthedopedsemicon-
ductingTMDCsandC8H2,andthatchargedensitywavesatdiﬀerentwavevectorsare
supposedlyoccurringinal TMDCs.
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1.Introduction
Inrecentyears,theinterestinlow-dimensionalmaterialshasgrownsteadily[1].Espe-
cialysincetheproductionofstabletwo-dimensional(2D)carboncaledgrapheneby
exfoliationfromgraphitebecamepossible[2,3],alotofeﬀorthasbeenputintothe
researchonthesesystems. Thefocusoftenlieson2Dmaterialsconsistingofasingle
atomiclayer,suchasgraphene,transitionmetaldichalcogenides(TMDCs)orhexagonal
boronnitride[4].Inbulksamplesofthesematerials,thediﬀerentlayersarecoupledonly
byweakvan-der-Waalsforces,therebymakingitpossibletoobtainmonolayersamples
fromthebulkviaexfoliationtechniques[3,5].Thediﬀerent2Dmaterialsexhibitgreat
potential,bothfortheﬁndingofnewphysicsaswelas(industrial)applicationssuch
astheﬁeldofelectronicsandtransistors[6,7].Anotherimportantpointistheunder-
standingoffundamentalphysicssuchasthebehaviorofDiracelectronsingraphene
[8–10].
AlthoughsomeresearchonmonolayerTMDCswasdoneearliersincethe1970s[11,
12],andintercalationcompoundsaswelaspristinebulkmaterialshavealonghistory
[13,14],theadvancementsintheresearchongraphenehavealsofueledtheresearchin
thisclassofmaterialsduringthelastdecade[4]. TheTMDCsshowveryrichphase
diagrams,withmanypropertiesdependingratherstronglyonthematerialthickness
anddimensionalitywhileotherpropertiesremainsimilarfrombulktomonolayer[15,
16]. Thesephasediagramsincludeacompetitionofsemiconducting, metalic, Mott
insulating,superconducting,chargedensitywaveandmagneticphases[16–28],seeFig.
1.1.
Oneofthemostinterestingcharacteristicsof2Dmaterialsisthefactthattheybasicaly
onlyconsistofsurfacesandare,thus,verysusceptibletochangesintheirenvironment.
Thismeansthattheirpropertiescanbemanipulatedonanatomicscale,e.g.viadielec-
tricsubstrates,dopingorfunctionalization,especialywhenitcomestotheCoulomb
interactionsincethisinteractionaswelastheelectronicpropertiesinﬂuencedbyit
canstronglydependonthedielectricenvironment[29].Furthermore,thescreeningis
ingeneralreducedin2Dsystems,whichleadstoanenhancedCoulombinteraction.
1
2 1.Introduction
Figure1.1.:(Left)Phasediagramof2H-NbSe2dependingontemperatureandlayernumber,takenfrom[23].Theriseofthecriticaltemperatureofthechargedensitywave
phasemeasuredinthisworkisquestionable,seeRef.[16].(Right)Phasediagram
ofbulk1T-TaS2dependingonpressureandtemperature,takenfrom[19].
Previously,itwasshownthatchangesinthesubstratesleadtoadiﬀerentscreeningas
welastoarenormalizationofthebandgap[30,31],whichcanbeusedtoengineer
thepropertiesofamaterialnon-invasively.Theﬁnalgoalinthislineofresearchisthe
productionoftailor-madematerialsviatheuseofstackedassembliesofdiﬀerentmono-
layers,boundtogetherbythevan-der-Waalsforcesinso-caledheterostructureswhich
were,forexample,proposedinRefs.[32,33].
Althoughitcanbeaveryimportantingredientwhendeterminingthepropertiesand
phasediagramofamaterial,theCoulombinteractionanditseﬀectsareoftennotwel
understood.Sofar,onlyafewab-initioapproachestriedtoquantifytheinteraction,
especialyforgraphene[34,35]. Forexample,itisunclearwhetherthedomeshape
observedforthesuperconductingphaseinfew-layerMoS2(seeFig.1.2)andthedrop
ofthecriticaltemperatureofsuperconductivitywhenreducingthethicknessofthe
systemtoamonolayer(seeFig.1.1andRefs.[16,23,36])mightbecausedbythe
increasedCoulombrepulsionbetweenelectronsinlowdimensions. Acomprehensive
understandingoftheCoulombinteractionin2Dmaterialsisimportant,notonlyto
describeandunderstandthepropertiesofthesematerialsbutalsotobeabletocombine
themeﬃcientlyinfutureheterostructuresandotherdevices.
Theaimofthisthesisistwofold.First,weinvestigatethenatureoftheCoulombinter-
actionin2DmaterialswithafocusonthequantiﬁcationoftheinteractioninTMDCs
MX2,consistingoftransitionmetalsM =Mo,W,NbandchalcogensX=S,Se. We
3Figure1.2.:Criticaltemperatureofthesuperconductingphaseoffew-layerMoS2dependingonelectrondoping,takenfrom[22].
takeintoaccounttheeﬀectsofdopinganddiﬀerentdielectricenvironments.Asimple,
material-realisticmodelfortheTMDCsincludingtheCoulombinteractionpresentsan
importantresult.Thismodelcanalsobeusedforotherstudiesofthismaterialclass.
Secondly,wediscusstheinﬂuenceoftheCoulombinteractionandtheelectron-phonon
interactiononseveralmany-bodyinstabilities,namelyconventionalsuperconductivity,
unconventionalsuperconductivity,chargeorderandspinorder.Forcomparison,wealso
investigatepossiblesuperconductivityinfunctionalizedgrapheneC8H2.Inalcases,we
lookatmetalicmaterialsorsemiconductingmaterialsunderdoping.
ThemainmethodsthatweemployinourstudiesareDensityFunctionalTheoryfor
thecalculationoftheelectronicstructure,theRandomPhaseApproximationtothe
electronicpolarizationforthedescriptionofscreeningeﬀects,andDensityFunctional
PerturbationTheoryforthedescriptionofthephononpropertiesandtheelectron-
phononinteraction.
Thethesisisorganizedasfolows:Atﬁrst,wegiveanoverviewofthetheoreticalmeth-
odsandunderlyingconceptsinchapter2. Thisisfolowedbyadescriptionofthe
electronicstructureoftheTMDCmonolayersandfunctionalizedgrapheneinchapter3.
Afterwards,wequantifyandstudytheCoulombinteractionintheTMDCsinchapter
4.Atlast,weinvestigatetheaforementionedmany-bodyinstabilitiesinchapter5.

2. Methodsandtheory
Inthischapter,wepresentthetheoreticalfoundationsofthecalculationsthatarecarried
outinthelaterpartsofthethesis. Weﬁrstpresentsomegeneralremarksonthetheory
formany-bodysystemsandrecalbasicconcepts.Afterthat,wegiveashortoverview
ofDensityFunctionalTheory(DFT)whichisthemainmethodweemployforourab-
initiocalculationsoftheelectronicstructure.Thefolowingtwosectionsarededicated
totheCoulombinteraction,withfocusontheRandomPhaseApproximation(RPA),
andtheGWapproximation. Havingdiscussedtherelevanttheoriesfortheelectronic
properties,weturntothelatticedynamics,especialyintheframeworkofDensity
FunctionalPerturbationTheory(DFPT).Lastly,wedealwiththetheoriesofelectron-
phononsuperconductivity.
Ifnotstatedotherwise,wehaveusedtheRefs.[37–41]forthetheoreticalconsiderations
presentedinthischapter.
2.1. General many-bodytheory
EveryclosedquantummechanicalsystemcanbedescribedbytheSchrödingerequation
Hˆ|Ψ =i ∂t|Ψ (2.1)
wheretheHamiltonianHˆincorporatesalthoseatomicandelectronicone-particleand
two-particleenergytermsthatarerelevantfortheproblemathand,seeSec.2.1.1.For
atime-independentHamiltoniantheSchrödingerequationsimpliﬁesto
Hˆ|ψ =E|ψ (2.2)
wherethetimeevolutionofthesysteminthestate|ψ withenergyEisdescribedby
|Ψ =|ψexp(−iEt/).
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WhiletheSchödingerequationgivesasimpleand,inprinciple,exactdescriptionof
aquantummechanicalsystem,itcannotbesolvedexactlyformorethanaboutten
particlesduetotheexponentialscalingofcomputationaleﬀortandstoragedemand
withparticlenumber[42].Thus,thequestioninsolidstatephysicsishowtodescribea
systemofmanyparticles,sincethereisatypicalnumberof∼1023atomspercm3inbulk
materials. Theansweristhatmethodsfrombothquantummechanicsandstatistical
physicsneedtobeused,togetherwithmoreorlesssevereapproximations.Furthermore,
thefocusneedstobeoncertainquantummechanicalstateslikethegroundstateand
energeticalylowexcitedstates.
2.1.1. Many-bodyHamiltonian
ThemostgeneralHamiltonianforasolidstatesystemconsistingofelectronsandatomic
corescanbewrittenas
Hˆ=Tˆel+Tˆat+Vˆel−el+Vˆel−at+Vˆat−at. (2.3)
ThisincludestheelectronickineticenergyTˆel,theatomiccorekineticenergyˆTat,the
electron-electroninteractionVˆel−el,theelectron-coreinteractionˆVel−at,andtheinterac-
tionbetweentheatomiccoresVˆat−at.Ifoneexplicitlyconsidersanumberofelectrons
atpositions{ri}andanumberofcoresatpositions{Rα},thesetermsaregivenby
Hˆ=
Nel
i
p2i
2m+
Nat
α
P2α
2m−
Nel
i
Nat
α
Zαe2
|ri−Rα|+
Nel
i>j
e2
|ri−rj|+
Nat
α>β
ZαZβe2
|Rα−Rβ| (2.4)
withelectronicmomentapi=−i∇i,coremomentaPα=−i∇α,massesofthenuclei
Mα,andatomicnumbersZα. Avacuumdielectricconstantofε0=1/(4π)forthe
Coulombinteractionwasusedherefortheinteractionandwilbeusedlateron,seeEq.
(2.45).
Inthisthesis,wedonotdealwiththecouplingofelectronsoratomiccoresto(external)
electricormagneticﬁelds.Thiswouldrequireatime-dependentHamiltonianwith,for
example,ascalarﬁeldVext(t).
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2.1.2. Born-Oppenheimerapproximation
TheBorn-Oppenheimerapproximation[43]presentsanimportantsimpliﬁcationforthe
treatmentofasystemofelectronsandatomiccores.Thebasicassumptionisthatthe
(light)electronsfolowthemotionofthe(muchheavier)atomiccoresinstantaneously
andwithacorrespondinginstantaneouschangeoftheireigenstate,whichiswhythe
approximationissometimescaledtheadiabaticapproximation.Thisleadstoasepera-
tionoftheelectronicandthelatticeorvibrationaldegreesoffreedomandtoaproduct
ansatzforthemany-bodywavefunction
|ψ =|ψel|φat (2.5)
(seealsoSec.2.5).Thekineticenergyoftheatomiccoresisviewedasaperturbation
totherestofthesystem
Hˆ=Hˆ0+Tˆat (2.6)
andtheirmovementisneglectedinaﬁrststep,whichleadstothetreatmentoftheelec-
tronsintheeﬀectivepotentialoftheatomsﬁxedatpositions{Rα}viatheHamiltonian
oftheundisturbedsystem
Hˆ0=
Nel
i
p2i
2m−
Nel
i
Nat
α
Zαe2
|ri−Rα|+
Nel
i>j
e2
|ri−rj|+
Nat
α>β
ZαZβe2
|Rα−Rβ|. (2.7)
TheelectronsobeytheSchrödingerequation
Hˆ0|ψel,i(r,R)=Eel,i(R)|ψel,i(r,R), (2.8)
i.e.,theirmotiondependsonthecoordinatesoftheotherelectronsraswelastheﬁxed
atomicpositionsRwhichactasparameters.TheelectronicBorn-Oppenheimerenergies
Eel(R)thenformaneﬀectivepotentialforthemotionoftheatomsviatheequation
Tˆat+Eel(R)|φat,α(R)=Eat|φat,α(R). (2.9)
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2.1.3.Secondquantization
Insolidstatetheory,thelanguageofsecondquantization,ormoreaccuratelyoccupation
numberrepresentation,isoftenusedtodescribethepropertiesofasystem.Thismeans
thatinsteadofusingthemany-bodywavefunctions|ψλ ofsingleparticles,oneusesthe
Fockstates|nλ asabasisforthedescriptionoftheelectronicstates.Onestartsfromthe
indistinguishabilityofindividualfermions(half-integralspin)orbosons(integralspin)
andthebehavioroftheirmany-bodywavefunctionunderparticleexchange1.Thisleads
tothenotionthatitismorereasonabletolookattheoccupationnumbernλofeach
quantumstateλthantolookatthestateofeverysingleparticle.
TheobservablesandtheHamiltonianinsecondquantizationareexpressedusingthe
creationandannihilationoperatorsc†λandcλforfermions(forexampleelectrons)and
b†λandbλforbosons(forexamplephonons)whichcreateordestroyaparticleina
quantumstateλ.Theyobeythe(anti-)commutationrules
[b†α,b†β]−ε=[bα,bβ]−ε=0, [bα,b†β]−ε=δαβ (2.10)
[c†α,c†β]−ε=[cα,cβ]−ε=0, [cα,c†β]−ε=δαβ (2.11)
withthesubscript−εdenotingthecommutatorforbosonsandtheanticommutatorfor
fermions. Thenumberofparticlesinasinglequantumstateisgivenbytheexpecta-
tionvalueoftheoccupationnumberoperatornλ=c†λcλforfermions,whichcanhave
eigenvaluesofeither0or1duetothePauliprinciple,andnλ=b†λbλforbosons.
ThegeneralHamiltonianforasystemofinteractingelectronswithgeneralquantum
numbersk(i)inthelanguageofsecondquantizationreads
H=
k1k2
εk1k2c†k1ck2+
1
2k1k2k3k4
Vk1k2k3k4c†k1c†k2ck3ck4 (2.12)
wherethesingle-particlematrixelementεk1k2 includesthekineticenergyTˆelofthe
electronsandtheirinteractionwiththe(static)atomsVˆel−at,seeEq.(2.3),whilethe
two-particlematrixelementVk1k2k3k4 describestheCoulombinteractionVˆel−eloftwo
electronswithingoingstatesk3andk4andoutgoingstatesk1andk2. Theabove
Hamiltoniancanbesimpliﬁedviatheapproximationofahomogeneouselectrongasor
jeliummodelwhichtreatstheatomiccoresasauniformbackgroundchargeandhas
1Thewavefunctionisantisymmetricforfermions,i.e.,itchangessignwithε= −1,whileitis
symmetricforbosons,i.e.,itdoesnotchangethesign,ε=+1.
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theelectronicHamiltonian
H=
kσ
εkc†k,σck,σ+12qkk,σσ
Vqc†k+q,σc†k−q,σck,σck,σ (2.13)
withεk= 2k2/(2m).ThisHamiltonianexplicitlyincludesmomentumconservationand
themomentumexchangeqviatheinteractionVqbetweentwoelectronswithingoing
momentakandk,outgoingmomentak+qandk−q,andthespinsσandσ. As
longaskisonlyamomentumindexandnobandindexisincluded,themodelalsohas
onlyasingleelectronicbandwithspin-degenerateparabolicdispersionεk.
2.1.4. Hubbardmodelandrelatedmodels
TheHubbardmodel[44]wasoriginalyintroducedtodescribeferromagnetisminma-
terialswherethelocalCoulombinteractionisdominant.Inrecentyears,itwasused
foravarietyofothersubjectssuchasthestudyofhigh-temperaturesuperconductors
[45].Itisbasicalyatight-bindingmodelwhichincludeslocalCoulombinteractionUi
betweentwoelectronsatlatticesiteiinadditiontothenearest-neighborhoppingtijfor
anelectronfromsiteitositej
H=−
ij,σ
tijc†i,σcj,σ+
i
Uini,↑ni,↓. (2.14)
AsinalotherHamiltonianspresentedinthesis,thePauliprincipleisincludedhere,
meaningthattwoelectronsofthesamespinσcannotoccupythesamelatticesite.The
Hubbardmodelcanbefurthersimpliﬁedbyassumingthesamehoppingtandinteraction
Uforallatticesites
H=−t
ij,σ
c†i,σcj,σ+U
i
ni,↑ni,↓. (2.15)
ThelastequationisoftensimplycaledtheHubbardmodel.Itcannotbesolvedex-
actlyinmorethanonedimensionifbothtandUarenon-zeroandismostlytreated
numericalybyinvestigatingacertainlimitoftheparameterssuchast Uort U.
Dependingonthelimitandthechoiceofparameters,theHubbardmodelexibitsvery
diﬀerentphysicssuchasmetalicbehavior,antiferromagnetismortheMotttransition
[46]frommetaltoinsulator.
SeveralextensionstotheHubbardmodelarepossible.Inmostcases,themodelwhich
includesnearest-neighborinteractionVinadditiontotheonsiteinteractionUiscaled
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extendedHubbardmodel. Besidesthat,themodelcanbegeneralizedbyincluding
hoppingbetweensitesthatarenotnearest-neigborsitesorbyincorporatingmorethan
oneelectronicband.
Ifwewanttoincludephononsandtheinteractionofelectronsandphononsonasimple
level,wearriveattheHubbard-HolsteinHamiltonian2
H=−t
ij,σ
c†i,σcj,σ+U
i
ni,↑ni,↓+ω0
i
b†ibi+g
i
ni b†i+bi . (2.16)
TheﬁrsttwotermsaretheHubbardmodelwhilethelattertwoconstitutetheelectron-
phononpartwithphononfrequencyω0andelectron-phononcouplingg.Theuseofa
singlephononfrequencyissimilartothedescriptionofopticalphononswithanEinstein
mode,seeSec.2.5.1.TheHubbard-Holsteinmodelshowsphysicssuchaschargedensity
waveformationandsuperconductivity,alsointwodimensions[48].Furthermore,onecan
studythetransitionfromametaltobothaMottinsulatorandabipolaronicinsulator,
dependingontheparameters,withthismodel,seeRef.[49]. TheHubbard-Holstein
modelcanbeextendedforsite-dependentelectron-phononinteractionwhichleadsto
theFröhlichHamiltonian,seeSec.2.5.3andEq.(2.84).
2.1.5. Green’sfunctions
IncaseswheretheHamiltonianathandisnotsolveableexactly,forinstanceasystemof
interactingelectrons,Green’sfunctionsrepresentanimportanttoolforﬁndingapproxi-
mationstothemany-bodyproblem. Westartwiththegeneraltime-orderedtwo-point
correlationfunctionatzerotemperatureforoperatorsAandBwhichisdeﬁnedvia
GAB(t,t)=−iψ0|TA(t)B(t)|ψ0 (2.17)
withtimeorderingoperatorTandmany-bodygroundstate|ψ0.TheoperatorTsorts
theotheroperatorssothatTA(t)B(t)=A(t)B(t)ift>tandTA(t)B(t)=B(t)A(t)
ift>t. WeexplicitlycalthosecorrelationfunctionsGreen’sfunctionswherethe
operatorsAandBaregivenbythecreationorannihilationoperatorsoffermionsor
bosons. Here,weusetheHeisenbergpictureofquantummechanics,i.e.,thefultime
2NotethattheoriginalHolsteinmodel[47]didnotincludeCoulombrepulsion.
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dependenceisattributedtotheoperatorsvia
A(t)=eiHtA(0)e−iHt (2.18)
whilethewavefunctionsareindependentoftime.Inadditiontothetime-ordered
correlationfunctioninEq.(2.17),oneoftenusestheretardedandtheadvancedGreen’s
functionswhicharedeﬁnedby
GRAB(t,t)=−iΘ(t−t)ψ0|[A(t),B(t)]−ε|ψ0 (2.19)
GAAB(t,t)=iΘ(t−t)ψ0|[A(t),B(t)]−ε|ψ0 (2.20)
withtheHeavisidestepfunctionΘ(x),andwherethe(anti)commutatorisuseddepend-
ingonwhetherAandBareFermiorBoseoperators,seeEq.(2.11).Experimentaly,
onecanmeasurethespectralfunctionwhichisrelatedtotheFouriertransformofthe
retardedGreen’sfunctionvia
SAB(ω)=−1πImG
RAB(ω). (2.21)
Thesingle-electronGreen’sfunctionisgivenby
Gαβ(t,t)=−iψ0|Tcα(t)c†β(t)|ψ0 (2.22)
withfermionoperatorscandc†. ThisGreen’sfunctionisoftencaledthepropagator
becausefort>t,ittelsustheamplitudeforaparticlebeingcreatedattimet,going
fromstateβtostateαandbeingdestroyedagainattimet.Intheoppositecaset>t,
onecanviewEq.(2.22)asthedescriptionofthepropagationofaholefromstateαto
stateβ.
AnespecialysimpledescriptionofaGreen’sfunctioncanbeobtainedusingtheLehmann
representationforasystemdescribedbyacompleteorthonormalsystemofeigenstates
|nwithH|n=En|n.Forasystemofnon-interactingelectronswithdispersionεkand
generalquantumnumberk,thetime-evolutioninEq.(2.18)thendependsonlyonthe
dispersionεkandthefunctioninEq.(2.22)isnon-zeroonlyforα=β.Thus,weget
fortheone-electron(retarded)Green’sfunction
G0(k,ω)= 1ω+i0+−εk (2.23)
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= + Σ
Figure2.1.:FeynmandiagramshowingtheDysonequationfortheGreen’sfunctionasgiven
byEq.(2.25).
wherei0+isaninﬁnitesimalnumberthatisneededtoconvergetheFouriertransforma-
tiononthewayfromEq.(2.22)tothisformula. WithAq=aq+a†−qandB=A−qin
Eq.(2.17),wecanobtainthephononicGreen’sfunctionwhichwedenotebyD(q,ω).
Inthenon-interactingcase,thisyields
D0(q,ω)= 1ω+i0+−ωq−
1
ω−i0++ωq=
2ωq
ω2−ω2q+i0+. (2.24)
Thepossibleexcitationenergiesofthesystemaregivenbythesingularitiesofthese
Green’sfunctions.FromtheaboveretardedGreen’sfunctionswecanobtainthether-
malGreen’sfunctionbygoingfromtheanalyticalcontinuationiω=ω+i0+ tothe
Matsubarafrequencies ωn=(2n+1)π/βforfermionsandωn=2nπ/βforbosons,
whereβ=1/(kBT)istheinversetemperature.
TheformalismofGreen’sfunctionsisespecialysuitedtotreattheeﬀectsofinteractions.
Whengoingfromnon-interactingtointeractingparticles,oneintroducestheconceptof
self-energy.Thisquantity,denotedbyΣ(k,ω),containsalinteractioneﬀects.Itsreal
partcontainsinformationontheenergyrenormalizationofthequasiparticleswhilethe
imaginarypartgivestheirlifetime.Theful Green’sfunctioncanbecalculatedfromthe
self-energyandthenon-interactingGreen’sfunctionusingtheDysonequation
G(k,ω)=G0(k,ω)+G0(k,ω)Σ(k,ω)G(k,ω) (2.25)
whichisalsoshowninthelanguageofFeynmandiagramsinFig.2.1.Theself-energyis
givenbyasumoverthosediagramsthatareconsideredtoberelevantfortheproblem
athand;anexampleforafrequentapproximationistheGWapproximationwhichwe
discussinSec.2.4.
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2.1.6. Wannierfunctions
Wannierfunctions[50]aredeﬁnedastheFouriertransformationsofBlochfunctions.
Thelatteraredescribedby
ψk(r)=eikruk(r) (2.26)
foranisolatedelectronicbandinacrystalwhereuk(r)isafunctionthathasthesame
periodicityasthelattice.The Wannierfunctionsarelocalizedorbitalsgivenby
wR(r)=1N k
e−ikRψk(r) (2.27)
withlatticevectorsRandnumberofprimitivecelsN.SincethephasesoftheBloch
functionscanbefreelychosen,onecanusethephasesinsuchawaythattheyleadto
asetofconvenient Wannierfunctions.
Inthisthesis,wemakeuseofthesoftwarecode Wannier90[51,52]toobtainasimple
descriptionoftheelectronicstatesaroundtheFermienergyinthetransitionmetal
dichalcogenides,seeSec.3.1.2.Thealgorithmisbasedontheconstructionof Wannier
functionswnR(r)forasetofNBlochbandsvia
|wnR = V2π3 BZ
N
m=1
U(k)mn|ψmk e−ikRdk (2.28)
wherem,n∈N.TheunitarymatrixU(k)mixesthediﬀerentbandsatthewavevector
kandBZstandsfortheintegrationoverthewholeBrilouinzone. ThematrixU(k)
isusualychosenviathemaximallocalizationschemeimplementedin Wannier90that
wasproposedinRef.[53].Thisschememinimizesthefunctional
Ω=
N
n
wn0|(r−rn)2|wn0 (2.29)
whichisthesumofthequadraticspreadsoftheWannierfunctionsaroundtheircenters.
Thefunctionalcanbedecomposedintotwoterms
ΩI=
n
wn0|r2|wn0 −
mR
|wmR|r|wn0|2 (2.30)
Ω˜=
n mR=n0
|wmR|r|wn0|2 (2.31)
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whereΩIisinsensitivetochangesinU(k). Thus,foranisolatedsetofbands,the
minimizationisonlyperformedforΩ˜,whichleadstothecomputationoftheoverlap
matrixofperiodicBlochfunctions
Mkbmn= um,kun,k+b. (2.32)
IftheN Blochbandsofinterestinsideaninnerenergywindowarenotisolatedbut
entangledwithotherbands,onehastolookattheN(k)Win ≥Nstateswithinanouter
energywindowandperformadisentanglementasdescribedinRef.[54]via
|uoptnk =
m
Udis(k)mn |umk (2.33)
wherem∈N(k)Win,n∈N,andUdis(k)isthedisentanglementmatrix.Inthiswork,we
usethisdisentanglementoftheelectronicbandsbutnotthemaximallocalization.This
isduetothefactthatweuseonlyﬁrst-guess Wannierfunctionstoretainthesymmetry
ofthecorrespondingatomicorbitals.Thus,toobtaintherelevant Wannierfunctions,
westartwithNtrialfunctionsgn(r)asaﬁrstguessandneedtoprojectthemontothe
periodicpartsoftheBlochfunctionsvia
|φnk =
m
A(k)mn|umk (2.34)
wheretheoverlapmatrixis
A(k)mn= umk|gn. (2.35)
Afterthat,AS1/2withS(k)mn = φmk|φnk isusedastheinitalguessforUdis(k)andthe
spreadfunctionalΩIisminimizedwithrespecttothismatrix.
2.2. DensityFunctionalTheory
DensityFunctionalTheory(DFT)wasoriginalydevelopedbyHohenberg,Kohnand
Shamin1964and1965[55,56].Especialysincelarge-scalenumericalcalculationshave
becomepossibleinthelateeightiesandearlynineties,thistheoryhasbecomevery
successfulandisusedasastandardtooltodaytostudytheelectronicandgeometric
structureofatoms,molecules,andsolidsinmaterialsscienceandchemistry[57]. While
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thetheorydoesnotworkwelinsomecasessuchasmanychemicalreactions3orstrongly
correlatedmaterials,itis,forexample,abletoaccuratelypredictatomicgeometries.
FolowingthefrequentuseandsuccessofDFT,theNobelprizeinchemistrywasawarded
to WalterKohnin1998.
ThebasicideaofDFTisthatitusestheelectronicdensityninsteadofthewavefunctions
tocalculatetheelectronicstructure,folowingthetwoHohenberg-Kohntheoremswhich
statethat
•theground-statepropertiesofasystemofelectronsareuniquelydeterminedby
theelectronicdensityn(r)
•thecorrectground-stateelectron-densityminimizestheenergyfunctionalofthe
system.
Thus,onedoesnothavetosolveequationsforthemany-bodywavefunctionofN
particleswith3NdegreesoffreedomsuchastheSchrödingerequation,buthastodeal
onlywiththeelectrondensitywhichonlydependsonthreespatialcoordinates.
DFTessentialyonlydescribestheground-statepropertiesofasystem.Furthermore,
inthemostcommonapproximations,DFTisonlyabletodescribesystemswithweak
electroniccorrelations. MoreadvancedmethodssuchasLDA+U[59]orDMFT[60]
havetobeusedforstronglycorrelatedsystems.Inthisthesis,werestrictourselves
tocaseswithoutstrongcorrelationsinthesenseoftheHubbardmodelandtheMott
transition. WemainlyusethesoftwarepackageQuantumEspresso[61]tocalculate
electronicpropertiesviaDFT.Additionaly,wehaveusedtheFLEURcode[62]and
checkedourresultswithVASP[63,64].
2.2.1.Formalism
Here,weaimonlyatashortdescriptionofthecornerstonesofDFTaswewiluseit
lateron. DetailedreviewsofthefoundationsandtheformalismofDFTaswelasits
relationtoHartree-Fock,HartreeandThomas-Fermiapproachescanbefoundinmany
textbooksandarticlessuchas[65].
3Forexample,eventheenergybarrierinsuchsimplereactionsasH+H2→ H2+Hisstrongly
underestimatedbystandardDFTcalculations;incertaincases,theresultscanbeimprovedby
usinghybridfunctionals[58].
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DFTstartswithasystemofNelectronsforwhichthesingle-particledensityisgiven
by
n(r)= .. d3r2..d3rN|Ψ(r,r2..rN)|2 (2.36)
whereΨ({ri})isthemany-bodywavefunctionofthesystemandtheparticlenumber
isN= d3rn(r).Theenergyfunctionalofthesystemis
E[n(r)]=Ψ|T+V+U|ΨΨ|Ψ (2.37)
whereTisthekineticenergyoftheelectrons,Visanexternalpotential,inourcase
givenbytheperiodiclatticeions,andUistheCoulombinteractionoftheelectrons.
TheCoulombinteraction(seeSec.2.3)issplitupintoaHartreeterm4andanexchange-
correlationtermwhichleadstothefolowingformofthefunctional
E[n(r)]=T[n(r)]+ V(r)n(r)d3r+e
2
2
1
4πε0
n(r)n(r)
|r−r|d
3rd3r+Exc[n(r)].
(2.38)
wherethekineticenergyisusualyassumedtobethatofthenon-interactingsystem
T=T0.TheHohenberg-Kohntheoremsstatethattheenergyfunctionalisminimized
bythegroundstatedensityn0(r),sothatthegroundstateenergyis
E0=E[n0(r)]≤E[n(r)] (2.39)
foraldensitiesn(r)withn0(r)=n(r).Thegroundstatedensitydeterminesnotonly
thevaluesofthetotalenergy,butalsotheexpectationvaluesofalotherobservablesin
thegroundstate.TheproblemofﬁndingthisdensitybyﬁndingtheminimumofEq.
(2.38)isusualytackledviatheKohn-Shamapproachwhichwedescribeinthenext
section.
4Thistermisalsocaledthedirectorthedensity-densitypartoftheinteraction.
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2.2.2. Kohn-Shamequations
TominimizetheenergyfunctionalinEq.(2.38)oneusesacompletesetofauxiliary
single-particlewavefunctionsψαwhicharecaledKohn-Shamorbitalsandobey
n(r)=
α
|ψα(r)|2, ψα|ψα =1. (2.40)
Theyformthebasisofanon-interactingreferencesystemtotherealelectronicsystem.
Wenotethatvaryingtheenergyfunctionalwithrespectto n(r)isequivalenttothe
functionalderivatewithrespecttoψ∗α.BothleadtothesocaledKohn-Shamequations
−
2
2m∆+V(r)+
e2
4πε0
n(r)
|r−r|d
3r+Vxc(r)ψα(r)=Eαψα(r) (2.41)
whichhavetheformofaone-particleSchrödingerequationfortheauxiliaryorbitalsψα.
TheKohn-Shamequationsareinprincipleexactifoneusesthetrueexchange-correlation
potentialVxc(r)=δδnExc[n],butthisisaprioriunknown,andalotofeﬀortcanbeput
intothedeterminationofthepotentialthatworksbest,seeSec.2.2.3.
SincetheCoulombinteractiontermsintheKohn-Shamequationsdependontheelec-
tronicdensityn(r)and,thus,onal Kohn-Shamorbitalsψα,onehastofolowaniter-
ativeprocedureandsolvetheKohn-Shamequationsself-consistently.TheKohn-Sham
orbitalsandenergiesobtainedinthiswayhavenodirectphysicalmeaningandareonly
auxiliaryquantitiestodeterminetheelectrondensityofasystem’sgroundstate.Nev-
ertheless,theseorbitalsareoftenusedtodescribetheelectronicstructureofasystem,
especialyoftheoccupiedstates,andtendtoworkwelinmanysituations.
2.2.3.Exchange-correlationpotential
The mainissueandlimitationofDFTisthedeterminationofthecorrectorbest
exchange-correlationpotential,i.e.,ﬁndingthebest5eﬀectivesingle-particlepotential
tobeusedinEq.(2.41). Whilethispotentialisonlyknownnearlyexactforthe
freeelectrongas,severalapproximationshavebeensuggestedthattendtoworkrather
welinmoreorlessspeciﬁcsituations. Thetwoapproximationsthatareusedmost
commonlyaretheLocalDensityApproximation(LDA)andtheGeneralizedGradient
Approximation(GGA).
5Usualy,thismeansthatonewantstobeabletoreproducecertainexperimentalresults.
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LocalDensityApproximation
TheLDAassumesthattheexchange-correlationpotentialatacertainpointinspace
doesonlydependontheelectronicdensityatthispoint,andthatthislocalpotentialis
similartothepotentialofahomogeneouselectrongas.Thus,theexchange-correlation
energycanbeexpressedby
Exc[n]= n(r)εxc(n)d3r (2.42)
whereεxc(n)istheexchange-correlationenergyofthehomogeneouselectrongas.The
exchange-energyofthehomogeneouselectrongascanbeanalyticalyexpressedvia
Ex[n]=−3e
2
4
3
π
1/3
n(r)4/3d3r. (2.43)
Thecorrelationenergycanbeexpressedanalyticalyonlyforcertainlimits,anddiﬀerent
proposalshavebeenmadeforthefulexchange-correlationpotentialinLDA. Weuse
potentialsresultingfromtheapproachpresentedinRef.[66].
GeneralizedGradientApproximation
TheGGAgoesbeyondtheLDAandassumesthattheexchange-correlationenergydoes
notonlydependonthelocalvaluesofthedensityn,butalsoonitsderivatives[67],
Exc[n]= n(r)εxc(n,∇n)d3r. (2.44)
Inthisway,theGGAaccountsforthefactthatthetrueelectrondensityisnothomo-
geneous,whichoftenleadstobetterresultsfortheequilibriumgeometryandelectronic
structureofamaterialthanthoseobtainedfromLDA.Forinstance,LDAcalculations
generalyyieldsmalerequilibriumlatticesconstantsthanGGAcalculations;forexam-
ple,weﬁnd3.22ÅinLDAforaMoSe2monolayercomparedto3.28ÅinGGA(seeTab.
A.1),whiletheexperimentallatticeconstantforthinﬁlmsofthismaterialis3.3Å[68].
InthesamewayasfortheLDA,diﬀerentproposalshavebeenmadeforthebestGGA
functionalandweusepotentialsresultingfromtheapproachpresentedinRef.[69].
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Pseudopotentials
Somecodesforthecalculationoftheelectronicstructure,suchasFLEUR,explicitly
includealelectronsinthecalculation,whileothercodes,suchasQuantumEspresso,
usepseudopotentialswhichalreadyincludetheeﬀectsofthecoreelectrons.Thismeans
thatonlythechemicalyactivevalenceelectronsaretreatedexplicitlyinpseudopotential
calculationswhilethecontributionsoftheenergeticalylowerandspatialymorecen-
teredcoreelectronsareapproximatedbythepseudopotential.Pseudopotentialscome
inespecialyhandywhenacodeusesplanewavesasabasisset,asitisthecasein
QuantumEspresso,sinceadescriptionofthelargegradientsnearthenucleusviaplane
wavesisdiﬃcult.
Wehaveusednorm-conservingpseudopotentialsforalourcalculationsinQuantum
Espresso.Thesepotentialsareconstructedinsuchawaythattheresultingwavefunc-
tionshavethesamenormasthecorrespondingal-electronfunctionsinsideofacertain
cutoﬀradius.Furthermore,thewavefunctionsareidenticaltotheal-electronfunctions
outsidethisradius.
Thepseudopotentialsweusefortheelectron-structurecalculationsofeachmaterialin
QuantumEspressoaregiveninAppx.A. Wealwayschoosethepotentialinsuchaway
thatthecalculationsrunsmoothlyandthattheresultsarereasonable,i.e.,similarto
experimentalresultsorresultsfromhigher-leveltheories.Forexample,thismeansthat
wehavetotakeaGGApotentialforthecalculationsofMoSe2sinceaLDApotential
yieldsanindirectbandgapforthemonolayer,whichisnotfoundexperimentaly,see
Sec.3.1.1.
2.3. Coulombinteractionandscreening
InthissectionwedealwiththegeneraldescriptionoftheCoulombinteractionbetween
electrons.Ifnotstateddiﬀerently,theformulasapplynotonlytothetwo-dimensional
systemsdiscussedinthisthesis,buttogeneralelectronicsystems.Therealspacepoten-
tialforoneelectroninthepresenceofanotherelectronatdistancer,bothwithcharges
e,isgivenby
U(r)= e
2
4πε0r (2.45)
withthevacuumpermittivityε0.Forourpurposes,itismoreconvenienttoworkwith
arepresentationoftheCoulombinteractioninreciprocalspace. Thisisgivenbythe
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FouriertransformofEq.(2.45)whichinthecaseofthreespatialdimensionsleadsto
U(q)=4πe
2
q2 (2.46)
whereweuseunitsinwhichε0=1/(4π).Intwodimensions,theresultisdiﬀerent,
U(q)=2πe
2
q . (2.47)
Thelastequationsshowtheso-caledbareinteractionbetweeentwoelectronsinvacuum.
Ofcourse,arealsystemcontainsmorethantwointeractingelectrons.Thus,oneelectron
doesnotfeelthefulpotentialofasecondelectron,butratherascreenedpotentialthat
isusualyreducedduetothepresenceoftheatomiccoresandtheotherelectrons.Since
itisusualynotfeasibleordesirabletotakealelectronsofasolidstatesysteminto
account,onefocussesonasubsystemofinterest.Initssimplestform,theeﬀective
screeningbytheotherpartsoutsideofthesubsystem,whicharenotexplicitlytaken
intoacount,canbegivenintheformofadielectricconstantεr,sothattheeﬀectively
screenedinteractionisgivenby
V(q)=U(q)εr . (2.48)
Thisapproachofaconstantscreeningthatisnotwave-vectororfrequencydependent
canyieldreasonableresults,especialyifoneisonlyinterestedinmacroscopicproperties
anddealswithsemiconductorsorinsulatorsinthelong-wavelengthlimit. Weuseit
inthisthesistodescribethedielectricpropertiesoftheenvironmentaroundthetwo-
dimensionallayersofinterest,seeFigs.4.1and4.6.
Theuseofaneﬀectivescreeninggivenbyadielectricconstantis,ofcourse,rather
limited.Torealisticalydescribethescreening,especialyinametalicsubsystemwith
freeelectrons,onehastogobeyondthismacroscopicorclassicaltreatmentandlookat
themicroscopiceﬀects.Tothisend,onehastosolvetheDysonequation[cf.Eq.(2.25)]
forthescreened6interaction
W(q,ω)=V(q)+V(q)Π(q,ω)W(q,ω) (2.49)
withthepolarizationΠ(q,ω)ofthematerial,seeEq.2.63. Thispolarizationcanbe
6Inthisthesis,thenotationisalwaysthefolowing:thebareCoulombinteractionisdenotedbyU,the
interactionthattakesintoaccountsomeoralofthescreeningeﬀectsfromoutsideofthesubsystem
ofinterestisdenotedbyV,andtheinteractionthatincludesalscreeningeﬀectsisdenotedbyW.
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Figure2.2.:Coulombinteractionbetweentwoelectronswithmomentakandkandquantum
numbersαandβ.Thisformoftheinteractionincludesmomentumconservation.
calculatedinvariousways;weusetheRandomPhaseApproximation,seeSec.2.3.1.In
thiscontext,thescreeningisdeﬁnedas
ε(q,ω)=1−Π(q,ω)·V(q) (2.50)
andisequivalenttothedielectricfunctionwhichdescribestheresponseofthesystem
toanadditionalorexternalelectricﬁeldorchargedistribution. Thefulyscreened
interactioniscalculatedvia
W(q,ω)=V(q)ε(q,ω)−1 (2.51)
whichisequivalenttoEq.(2.49).
TheCoulombinteractionbetweentwoelectronswithmomentakandkissymbolicaly
showninFig.2.2andwasalreadyusedfortheHamiltonianinsecondquantizationin
Eq.(2.13). Wheninteractionmatrixelementsareusedinthisway,onealwayshasto
makesurethattheyareappropriatelyscreened.Thismeansthatthescreeningeﬀects
ofelectronsoutsideofthe(sub)systemofinteresthavetobeconsideredeﬀectively,but
theeﬀectsoftheelectronsthataretreatedexplicitlybytheHamiltonianhavetobeleft
outoftheeﬀectivetreatmenttopreventdouble-counting,cf.Sec.2.3.2.
Letusmakeashortcommentonterminology:InthesectiononDFT,seeSec.2.2
andEq.(2.38),wealreadydistinguishedbetweenthediﬀerenttermsoftheCoulomb
interactionliketheHartreeandtheexchangeterm.TheHartreeterm,whichmediates
theinteractionbetweenthedensitiesoftwoelectronicstates,nαandnβ,andistherefore
sometimescaleddensity-densityterm,hasaclassicalanalogon;alothertermsarepurely
quantummechanical. Theexchangetermdescribesaninteractioninwhichelectronic
quantumnumbersareexchanged,e.g.theorbitalcharacter. Thiscanbedepictedby
changingthequantumnumbersαandβfortheoutgoingstatesinFig.2.2.
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Figure2.3.:Socaledbubble-diagramsofelectron-holeexcitationsaresummeduptogetthe
polarizationintheRandomPhaseApproximation.
2.3.1. RandomPhaseApproximation
TheRandomPhaseApproximation(RPA)wasoriginalypresentedbyBohnandPines
in1953[70].Itisamethodtodescribetheresponseofanelectronicsystemtoan
externalperturbationusingtwo-particleexcitations. Weemploythemethodintheway
thatwasdescribedinRef.[71].ForadetailedderivationoftheRPAformulas,seethe
correspondingchapterinRef.[38].Plasmonsandelectron-holeexcitationsareaccounted
forinRPAbytherootsofthedielectricfunction,seeSec.4.4.
TheunderlyingprincipleoftheRPAisthattheelectronicpolarizationΠasintroduced
inEq.(2.49)isapproximatedbyasummationofso-caledbubble-diagrams,seeFig.2.3.
Thismeansthatthestateswithoneparticleandoneholeareusedtodescribepossible
excitationstotheFermisphereofthemany-bodysystem.7Oneperformsasummation
overthecorrespondingproductoffreeelectronicGreen’sfunctionsG0(k+q)G0(k),cf.
Eq.(2.23). Alternatively,thepolarizationcanbeobtainedfromthetimederivative
oftheelectron-holeexcitationc†k+qck.Expectationvaluesoftheformc†k+qck+q arising
inthisderivativeareonlykeptifq=q. Theargumentbehindthisisthatalother
contributionsaverageoutduetotheirrandomlydistributedphasefactors,whichiswhy
thisapproximationiscaledRandomPhaseApproximation.
TheLindhardformula[72]istheﬁnalresultfortheelectronicpolarizationofafree,
non-interactingsystemwithasingle,spin-degenerateband.Itreads
Π0(q,ω)=
k,σ
fk−fk+q
ω+i0++εk−εk+q (2.52)
wherefistheFermifunction,ωisthefrequencyoftheexcitation,andεdescribes
one-particleenergies.Theinﬁnitesimalquantity0+waspreviouslyalreadyusedforthe
Green’sfunctionsinEqs.(2.23)and(2.24). TheuseoftheRPAmeansthatweset
Π(q,ω)=Π0(q,ω)inthecalculationofthescreeninginEq.(2.50)orthefulyscreened
interactionviaEq.(2.49),respectively.Thefulchargeresponsefunctionisdiscussed
laterinSec.5.4.1andEq.(5.14).
7Excitoniceﬀectsarenotconsideredinthisapproximation.
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Inthecaseofrealisticmaterialsasdiscussedinthefolowingchaptersofthisthesis,one
hastogobeyondthesingle-bandmodelofEq.(2.52).Forourcase,thisgeneralization
waspreviouslydiscussedinRefs.[71]and[73].Thegeneralformulaforthepolarization
ofamulti-bandandmulti-orbitalmodelsuchastheoneweusefortheTMDCslaterin
thisthesisisgivenbythefourthranktensor
Παβγδ0 (q,ω)=
k,σ,λ1λ2
Mαβγδλ1λ2
fλ1k,σ−fλ2k+q,σ
ω+iη+ελ1k,σ−ελ2k+q,σ
(2.53)
whereα,β,γ,δareorbitalindices,λ1,λ2arebandindices,andthebroadeningparameter
ηisthesameastheinﬁnitesimal0+inpreviousequations.Theinvolvedoverlapmatrix
elementsarecalculatedvia
Mαβγδλ1λ2 = cαk,λ1 ∗ cβk+q,λ2
∗cγk+q,λ2cδk,λ1 (2.54)
wherethestarsrepresentthecomplexconjugate.Thescalarscaretheexpansioncoef-
ﬁcientsoftheeigenfunctionscorrespondingtobandenergiesελkintheorbitalbasis.In
alofourcalculationsusingtheRPApolarization,exceptfortheKernelLinvolvedin
thecalculationofthespinsusceptibilityinSec.5.4.3,weonlyinvolvedensity-density
matrixelementsanddonottakeintoaccountexchangeandotherhigher-ordertermsof
theCoulombinteraction.Inthiscase,thepolarizationinEq.(2.53)simpliﬁesto
Παβ0 (q,ω)=Παββα0 (q,ω). (2.55)
Sofar,wedidnotaccountforthespindegeneracyofthemodelsweuselateron.For
spin-degenerateelectronicbands,thepartialpolarizationisthesameforup-anddown-
spin,andthesummationoverσinEq.(2.53)leadstothemultiplicationbyafactorof
two.
Inmanycases,oneisjustinterestedinthestaticandlongwavelengthlimit,ω=0
andq→ 0,ofthepolarization.ThislimitleadstotheThomas-Fermiformulaforthe
dielectricfunctionin3D
εTF(q)=1+q
2TF
q2 (2.56)
withThomas-FermiwavevectorqTF= 4πe2∂n/∂µandchemicalpotentialµ.In2D,
thediﬀerentformulaforCoulombinteraction,seeEq.(2.47),resultsinadiﬀerent
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Thomas-Fermiscreening
εTF(q)=1+qTFq (2.57)
withaThomas-FermiwavevectorqTF=2πe2N(EF)[74]andaconstantdensityofstates
attheFermilevelN(EF).ThelatteristheThomas-Fermilimitofthepolarization,
Π0(q→0,ω=0)=−N(EF). (2.58)
Anotherlimitthatcanbeofinterestisthatofafreeelectrongas.Inthiscase,ananalytic
descriptionofthepolarizationispossible,whichwasdiscussedforthetwo-dimensional
caseinRefs.[75,76].
2.3.2. ConstrainedRandomPhaseApproximation
WeshortlydiscusstheconstrainedRandomPhaseApproximation(cRPA)asdescribed
inRefs.[77–81].ThecRPAcanbeusedifoneaimsatdescribingtheCoulombinteraction
explicitlyonlyinapartofthe(electronic)systemto,forexample,describeeﬀectsin
thispartonahigherormoredetailedleveloftheory.Themodelathandisrestricted
toacertainsubspaceofinterestintheorbitalsorbands,forexampletheelectronic
d-orbitals[79],whiletherestofthesystemisalreadyeﬀectivelyincludedinthevalues
oftheinteraction.ThismeansthatthepolarizationfromRPAissplitupintotwoparts,
Π≈Πsub+Πrest, (2.59)
withthepolarizationofthesubsystemΠsubandthepolarizationoftherestΠrest.Only
thelatter,whichincludesalscreeningeﬀectsbytherestofthefulelectronicsystem,is
calculatedinaﬁrstcRPAstep.Tothisend,speciﬁedelectronicbandsareexcludedfrom
thecRPAcalculationtopreventdouble-countinginlatercalculationsofthesubsystem.
Theeﬀectiveinteractionbetweentheelectronsinthesubspaceofinterestisthengiven
by
Veﬀ=U 1−Πrest·U −1 (2.60)
withthebareinteractionU. Aftercomputingthepolarizationofthesubsystemina
secondstepwhichonlyinvolvesthebandsororbitalsofthispart,thefulyscreened
interactioncanbecalculatedsimilartoEq.(2.51)via
W =Veﬀ 1−Πsub·Veﬀ −1. (2.61)
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Inourcalculations,wemakeassumptionsbeyondEq.(2.59)andtaketheonlythe
polarizationofthesubsystemtobedynamicwhileassumingthepolarizationoftherest
tobestatic,
Πrest=Πrest(q). (2.62)
ThismeansthatalsoVeﬀ=Veﬀ(q).ForthemetalicTMDCs,seechapter4,theelec-
tronicbandaroundtheFermienergyisexcludedfromthecalculationsforthepartialy
screenedeﬀectiveCoulombinteractionVeﬀusingtheSpexcode[82,83]with Wannier
functions(seeSec.2.1.6)whilethefulyscreenedinteractionW iscomputedusingour
ownRPAcodeontopofthat.ForthesemiconductingTMDCs,nobandisexcluded
sincethecRPAcalculationisdonefortheundopedsystems,andΠsubaccountsonly
forthescreeningeﬀectsduetoadditionaldopingcharges.Especialyinthelattercase,
thecRPAapproachisonlyjustiﬁeduptoacertainenergyorfrequencyωinthepolar-
izationandtheinteractionsincetransitionsbetweenadditionaldopingelectronsinthe
subsystemandbandsoftherestarenotaccountedfor;furthermore,theassumptionin
Eq.2.62isnotvalidathighenergies.
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2.4.GW approximation
WhileDFTcangivegoodresultsforthegroundstateofasystem,itisingeneralnot
suitedtocorrectlydescribeexcited-stateproperties8. Oneapproachthatcanbeused
toobtainthesepropertiesistheGWapproximation[84–86]whichwasﬁrstdescribed
byHedinin1965[87].ForthecalculationsofthepartialyscreenedCoulombmatrix
elementsincRPAandRPA,weusetheGW-codeSpex[82,83].
Thecalculationinthisframeworkstartswithasetofself-consistentequationsthatwere
derivedbyHedin
G(1,2)=G0(1,2)+G0(1,1)Σ(1,2)G(2,2)
W(1,2)=U(1,2)+U(1,3)Π(3,4)W(4,2)
Σ(1,2)=iG(1,3)Γ(3,2,4)W(4,1) (2.63)
Π(1,2)=−iΓ(3,4,2)G(1,3)G(4,1)
Γ(1,2,3)=δ(1,2)δ(1,3)+δΣ(1,2)δG(4,5)G(4,6)G(7,5)Γ(6,7,3)
wherethegeneralizednumberindicesencompasstime,spinandspace,G0isthesingle-
particleGreen’sfunction,seeEq.(2.23),UisthebareCoulombinteraction,andthe
equationsfortheGreen’sfunctionGandthescreenedCoulombinteractionW arethe
sameastheDysonequations(2.25)and(2.49).Thismeansthatthecalculationofthe
self-energyΣisperformedviatheterm
Σ=iGWΓ. (2.64)
Sofar,theHedinequations(2.63)areaformalyexactsolutiontothemany-bodyprob-
lem. TheomissionofvertexcorrectionsandtermsofhigherorderinGandW,i.e.,
settingΓ=1,leadstotheGWapproximationfortheself-energy
Σ=iGW. (2.65)
Furthermore,thepolarizationΠ isthengivenbythediagraminFig. 2.3andthe
screenedinteractioniscalculatedwithintheRPA,seeSec.2.3.1.
8AlthougheigenenergiesofKohn-Shamfunctionsoftenagreeratherwelwithquasiparticleenergiesob-
tainedfromphotoemissionexperiments,thereisnotheoreticaljustiﬁcationforsuchanequalization
andtheelectronicbandgapisoftenfoundtobeoﬀinDFTcalculations[84].
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Asasimpleapproachtoorstartingpointfortheself-energy,oneoftenretainsjustthe
ﬁrstpartoftheDysonseriesinGandW whichleadsto
Σ=iG0W0 (2.66)
withnon-iteratedCoulombinteractionW0andsingle-particleGreen’sfunctionG0.If
onetakesthebareCoulombinteractionUandnotthedynamicalyscreenedinteraction
W inthecalculationoftheself-energy,theself-energyisequaltotheHartree-Fock
exchangepotential.Thus,theGWapproximationcanbeviewedasanextensionofthe
Hartree-Fockmethod.Forweaklyscreenedsystemslikeatomsormolecules,theresults
ofthetwoapproachescanliecloselytogetherandperformingGWcalculationsontop
ofHartree-Fockcalculationscanleadtoimprovedresults[86,88].
TheGWmethodgivesagooddescriptionoftheexcited-statepropertiesofsystemswith
smalormoderateelectroniccorrelation.Forexample,thedescriptionoftheelectronic
bandgapinsemiconductorsisimprovedcomparedtoDFT.Inmanycases,itisuseful
toﬁrstcalculatetheground-statepropertiesusingDFTandthenuseGWtogofurther,
asitisdonebythecombinationofthecodesFleur[62]andSpex[82,83]thatweuse.
Forsystemswithlargeelectroniccorrelations,GWcalculationscanbeinsuﬃcientand
moreadvancedmethodslikeGW+DMFT[89]orDualBoson[90,91]areuseful.
2.5.Latticedynamics
Latticevibrationsareveryimportanttounderstandsolidssincetheydeterminemany
propertiesofsolidmaterialssuchasinfrared,Ramanandneutrondiﬀractionspectra,
soundvelocities,speciﬁcheat,elasticity,andthermalexpansion.Thequasiparticlesof
thelatticevibrationsarecaledphonons.Inthissection,wedescribethebasicproper-
tiesofphonons,giveanoverviewofthebasicideasofDensitiyFunctionalPerturbation
Theory,whichweusetocalculatephononicspectra,anddiscusselectron-phononcou-
pling.
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2.5.1. Acousticandopticalphonons
Phononsarequantizedlatticevibrationswhichcaninmanycasesbedescribedbyhar-
monicoscilators
Hph=
k
ωk b†kbk+12 (2.67)
whereωkdeﬁnesthedispersionofaphononwithwavevectork. Duetothispossible
description,phononsarebosonicquasiparticles. Onephononcanbeinterpretedasa
normalmodeforwhichalatomsofthecrystallatticevibratewithasinglefrequency.
Alothervibrationscanbeconstructedbysuperimposingseveralphononmodes.
Toilustratetheirbehavior,theﬁrstdescriptionofphononsinlecturesandbooksis
oftendoneforaone-dimensionalatomicchain.Inthiscase,thephonondispersion
foraperiodicchainwithndiﬀerentatomsconsistsofoneacousticbranch,whichis
characterizedbyωk→0fork→0,andn−1opticalbranches,whichhaveahigherand
ﬁnitefrequencyfork→0.Regulartwo-orthree-dimensionallatticeshavethreeacoustic
branchesand3n−3opticalbranchesfornatomsintheunitcel.Thegeneralizationof
theHamiltonianinEq.(2.67)forthiscaseisgivenby
Hph=
k,λ
ωk,λ b†k,λbk,λ+12 (2.68)
withthree-dimensionalwavevectorkandbranchindexλ. Theacousticbranchesde-
scribethedispersionresultingfromsimultaneousmovementsofalatomsoftheunitcel
inthesametransverseorlongitudinaldirectionwithrespecttotheotherunitcelsof
thecrystal. Theslopeatsmalkofthelineardispersionωk,λ=vλk|k→0ofanacous-
ticlong-wavelengthphonongivesthesoundvelocityvλinthisdirectionofthelattice.
Theopticalbranchesresultfromoscilationsofoneormoreatomsintheunitcelrel-
ativetootheratomsinthesameunitcel,suchasthestretchingofbonds. Optical
phononsareoftendescribedwithso-caledEinsteinmodes,whichmeansthat,dueto
theiroftenﬂatdispersion,theirfrequencyisassumedtobeconstant[seeforexample
theHubbard-Holsteinmodel,Eq.(2.16)].
Ingeneral,lighteratomsinthecrystallatticeleadtohigherfrequenciesofthephonon
dispersions.Thiscomesfromthefactthatintheharmonicapproximation,thephonon
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frequencycanbecalculatedvia
ωk,λ= Kk,λM (2.69)
withatomicmassM andforceconstantKk,λ.Thus,thephononfrequencyisingeneral
proportionaltotheinverseofM1/2.
ToobtaintheresultinEq.(2.69),onedeﬁnesdisplacementsuα(Ri)inspatialdirection
α=x,y,zaroundtheequilibriumatomicpositionsRiandusestheTaylorexpansion9
ofthepotentialenergyUoftheatoms,
U=U0+12R1R2 αβ
uα(R1) ∂
2U
∂uα(R1)∂uβ(R2)uβ(R2). (2.70)
Thisleadstothedeﬁnitionoftheforcestrengthmatrix
Φαβ(R1−R2)= ∂
2U
∂uα(R1)∂uβ(R2). (2.71)
TheFouriertransformofthismatrixiscaledthedynamicalmatrix
Dαβ(k)=
R
Φαβ(R)e−ikR. (2.72)
Thedynamicalmatrixisthebasicquantityoneusestoinvestigatethephononproperties
ofamaterial.ItseigenvaluesaretheforceconstantsKk,λwhichdeterminethephonon
frequencyinEq.(2.69)viatheuseofanequationofmotionfortheatoms
D(k)k,λ=Mω2k,λ=Kk,λk,λ (2.73)
withthepolarizationvectors k,λwhicharetheeigenvectorsofthedynamicalmatrix.
Asasidenote,wementiontheDebyemodel,whichaimsatadescriptionoftheheat
capacitanceCV =∂E/∂Tofacrystallatticeinasimplemodel.Itusesasuitable
averagewiththesamelineardispersionrelationforalbranchesintheextendedzone
9Inthisthesis,wedonotgobeyondtheharmonicapproximationinthecalculationofthephonons,
whichmeansthatonlythesecondderivativeofthepotentialisincluded,whichisdoneinmostof
theliterature.Theﬁrstderivativevanishesduetovanishingforcesintheequilibrium,seeEq.2.75.
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schemetoachievethis.Theresultis
CionV (T)=9NionkB TΘD
3 ΘD/T
0
x4ex
(ex−1)2dx (2.74)
whichleadstoCV ∝T3forsmaltemperaturesandCV =3NionkBforlargetempera-
tures. Thismodelisoftenusedbecauseitcontainsonlyonefree,material-dependent
parameter,namelytheDebyetemperatureΘDwhichalsoappearsinthecalculationof
thecriticaltemperatureofsuperconductivityviaEq.(2.105).TheDebyetemperature
isthetemperatureatwhicheveryvibrationalmodeisexcited;itisrelatedtotheDebye
frequencyviaΘD= ωD/kB.
2.5.2. DensityFunctionalPerturbationTheory
DensityFunctionalPerturbationTheory(DFPT)isawaytocalculatethepropertiesof
latticevibrations[92,93].Itis,forinstance,implementedinQuantumEspresso[61].
TheunderlyingapproximationoftheDFPTistheBorn-Oppenheimerapproximation,
seeSec.2.1.2,withEq.(2.9)describingthemotionoftheatoms.
Intheequilibrium,alforcesactingonindividualatomsvanish,i.e.,
Fi=∂Eel(R)∂Ri =0 (2.75)
whereEel(R)istheBorn-OppenheimerenergysurfaceandRiisthechangeableposition
ofthei-thatom.Vibrationsofthelatticewithfrequencyωarethengivenbydisplace-
mentsofatomsfromthisequilibrium.TheycanbecalculatedviatheHessianmatrix
ofinteratomicforceconstants
det 1MiMj
∂2Eel(R)
∂Ri∂Rj−ω
2 =0 (2.76)
whichissimilartotheforcestrengthmatrixΦinEq.(2.71),scaledbytheatomic
masses.
ToobtainthematrixinEq.(2.76)andthecorrespondingdynamicalmatrix,DFPT
makesuseoftheHelman-Feynmantheorem
∂Eλ
∂λ= ψλ
∂Hλ
∂λ ψλ (2.77)
2.5. Latticedynamics 31
whichconnectsthederivativeofthetotalenergyEwithrespecttoaparameterλtothe
expectationvalueofthederivativeoftheHamiltonianwithrespecttothesameparam-
eter.Inourcase,thismeansthatwecanusederivativesofthemany-bodyHamiltonian
withrespecttotheatomicpositions,whichactasparametersinthecaseoftheBorn-
OppenheimerHamiltonian,seeEq.(2.7). Onlytheinteractionbetweentheelectrons
andtheatomiccoresVel−atandtheinteractionbetweendiﬀerentatomiccoresVat−at
dependonthesepositions.ThisleadstotheHelman-Feynmanforces
Fi=− nR(r)∂Vel−at(r)∂Ri dr−
∂Vat−at(R)
∂Ri (2.78)
sincetheelectron-atominteractiononlycouplestoelectronicdegreesoffreedomviathe
chargedensitynR(r)oftheelectronsfortheunperturbedsystem[cf.Eq.(2.38)].The
derivativesoftheHelman-FeynmanforcesleadtotheHessianinEq.(2.76)via
∂2Eel(R)
∂Ri∂Rj=−
∂Fi
∂Rj
= ∂nR(r)∂Rj
∂Vel−at(r)
∂Ri dr+ nR(r)
∂2Vel−at(r)
∂Ri∂Rj dr+
∂2Vat−at(R)
∂Ri∂Rj .(2.79)
Onecanseethattheground-stateelectron-densityanditslinearresponsetoperturba-
tions,i.e.,displacementsoftheatoms,areneededinordertocalculatetheforceconstant
matrixorthedynamicalmatrix.TheDFPTisawaytoobtainthelinearresponsewithin
theframeworkofDFT,seechapter2.2.Tothisend,onelinearizesEqs.(2.38),(2.40)
and(2.41)withrespecttovariationsofthewavefunction,thedensityandthepotential,
andusesﬁrstorderperturbationtheory.
WementionthatthereareothermethodsbesidesDFPTthatareabletocalculatethe
phononproperties. Onepopularexampleisthefrozenphononmethodwhichemploys
explicitdisplacementsofsomeatomiccoresaccordingtothesymmetryofthephonon
athand. Duetothefactthatthesecalculationsneedasupercelcorrespondingto
theinverseofthephononwavevector,thismethodismainlylimitedtophononsinthe
Brilouinzonecenteroronitsboundary.
AseverelimitationoftheDFPTasdiscussedhereandusedinthisthesisisthefact
thatnoanharmoniceﬀectsareincluded. This,forexample,leadstotheprediction
ofaninstabilityinthephonondispersionofbulkNbS2,cf. Fig. 5.2,whichisnot
observedexperimentalyandcanbeliftedbyincludinganharmoniceﬀects,seeSec.
5.4.1.Furthermore,screeningeﬀectsarisingfromtheenvironmentofthesystemareonly
32 2. Methodsandtheory
accountedforinthisthesiswhenitcomestotheCoulombinteractionoftheelectrons,
seeSec.4.2,whiletheirpossibleinﬂuenceonthephononsisdiscarded.
2.5.3.Electron-phononcoupling
Theinteractionofelectronsandphononsisanimportantquantitysinceitcanresultin
theformationofsuperconductingorCDWinstabilitiesasdiscussedinchapter5.The
couplingwasalreadyincludedintheHubbard-Holsteinmodel,seeEq.(2.16),inthe
formofaconstantcouplingg.Ingeneral,however,thecouplingdependsonthemomenta
oftheinvolvedelectronandphononaswelasthephononbranch.Theelectron-phonon
couplingcoeﬃcientforelectronswithwavefunctioninstatekandphononswithwave
vectorqinmodeνcanbedeﬁnedby
gq,ν(k)= 2Mωq,ν
1/2
ψk ∂Vel−at∂uq,ν ψk+q (2.80)
whichdescribesthescatteringofanelectrontostatek+qduetotheinteractionwith
alatticevibrationand,thus,achangeintheatomicpotential.Sincethevariationof
thepotentialiscalculatedwithinDFPT,theelectron-phononcouplingcoeﬃcientscan
bealsobeobtainedwithinthisframework.
Animportantfunctionforthedescriptionofconventionalsuperconductivityisthe
electron-phononspectralfunction[94]
α2F(ω)= 1N(EF)kq,ν
|gq,ν(k)|2δ(εk−EF)δ(εk+q−EF)δ(ω−ωq,ν) (2.81)
whichistheproductofthephononDOS
F(ω)=
q,ν
δ(ω−ωq,ν) (2.82)
andtheaveragedsquaredelectron-phononcouplingα2.Thisspectralfunctiondeﬁnes
theeﬀectivecouplingparameterofsuperconductivityvia
λ=2
∞
0
α2F(ω)
ω dω (2.83)
whichisusedinEqs.(2.105)and(2.106).
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Analternativewaytodescribetheelectron-phononinteractionistheuseofpolarons[95].
Thesearethequasiparticlesdescribinganelectroninalatticeandthesurroundingself-
inducedpolarizationcloud.ThediscussionofpolaronsoftenmakesuseoftheFröhlich
Hamiltonian
H= p
2
2m+ωLO k
b†kbk+
k
Vkbkeikr+V∗kb†ke−ikr (2.84)
wheretheﬁrsttermdescribesthekineticenergyofthebareelectronviaitsmomentum
pandmassm,thesecondtermdescribestheenergyoflongitudinalopticalphonons
withfrequencyωLO,andthethirdtermdescribesthepolarizationcloudviatheFourier
componentsVkoftheelectron-phononcoupling. UsingtheFröhlichHamiltonian,one
canderivehowthepropertiesofapolarondiﬀerfromthoseofausualbandelectron.
2.6.Superconductivity
SuperconductivitywasﬁrstobservedbyHeikeKammerlingOnnesin1911whenhe
cooledmercurydownbelowtheboilingpointofliquidhelium[96].Inthefolowing
years,severaltheorieswereputforwardtodescribethisnewphase,withtheBCSap-
proachbeingtheﬁrsttoyieldacorrectexplanationviatheelectron-phononcoupling
andtheformationofCooperpairs,seeSec.2.6.1.Thetwomostimportantmacroscopic
propertiesofthesuperconductingstatearethevanishingelectricalresistanceandthe
Meissner-Ochsenfeldeﬀect.Thelatterdescribestheexpulsionofanexternalmagnetic
ﬁeldfromtheinteriorofthesuperconductorbelowthetransitiontemperature.Raising
themagneticﬁeldaboveacriticalvalueleadstothesuddenbreakdownofthesuper-
conductingstateviaaﬁrst-orderphasetransitioninso-caledtype-Isuperconductors.
Intype-IIsuperconductors,therearetwocriticalﬁeldstrengthsandthemagneticﬁeld
isonlyfulyexpeledfromthesamplebelowthelowerstrength,whilemagneticvortices
forminsidethesuperconductorintheregimebetweenthetwostrengths.
Besidestheconventionalelectron-phononcoupledsuperconductors,therearealsoava-
rietyofunconventionalsuperconductorswithasometimesmuchhighercriticaltem-
perature.Thisclassconsistsoftwomainfamilies,namelythecuprates,wherehigh-Tc
superconductivitywasﬁrstfoundin1986[97],andtheiron-basedcompounds[98].These
materialshaveincommonthattheyexhibitachangeinthephasediagramupondop-
ingand/orpressurefromanantiferromagnetictoasuperconductingphase.Thepairing
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mechanismresponsiblefortheformationofCooperpairsinthesematerialsisunclearand
hasreceivedalotofresearchinterest. Whileseveralpossiblepairingmechanismssuch
asspinﬂuctuationsorstrongeﬀectiveantiferromagneticpairinghavebeendiscussed,no
generalmechanismhasbeenfoundyet(seeRefs.[99,100]andSec.5.3).
Wecalalkindsofsuperconductivitythatarenotmediatedbyelectron-phononcoupling
unconventional. Thechargecarriersinalconventionalsuperconductorsandatleast
mostoftheunconventionalsuperconductorsareCooperpairsconsistingoftwobound
electrons.Thepairingmechanismsoreﬀective,attractiveinteractionsthatareneeded
fortheformationofthisbondare,however,diﬀerent.
Inadditiontothebooks[38,40],ourdescriptionoftheBCStheoryandtheEliashberg
theoryforconventionalsuperconductorsinthetwofolowingsectionsisguidedbyRefs.
[101]and[102].
2.6.1. BCStheory
TheBCStheoryofsuperconductivitywaspublishedbyBardeen,CooperandSchrieﬀer
in1957[103,104].Beforethisdate,therewereseveralphenomenologicalapproachesfor
thedescriptionofthesuperconductingphase.Oneapproachworthmentioningarethe
Londonequations[105]whichareabletodescribetheMeissnereﬀect.
ThesuccessoftheBCStheorywasthatitwastheﬁrsttheorytocorrectlyexplain
theformationofthesuperconductingphase,whichgainedthethreeauthorstheNobel
prizein1972.Theunderlyingassumptionofthetheoryisthatthechargecarriersina
superconductingmaterialareCooperpairs[106]formedbytwoelectrons.Responsible
fortheformationoftheseboundpairsisaneﬀectiveattractionbetweentheelectrons
whichismediatedbyphonons.
TheHamiltonianoftheBCStheoryisgivenby
H=
k,σ
εkc†kσckσ−V
k,k
c†k↑c†−k↓c−k↓ck↑ (2.85)
whichdescribeselectronswithdispersionεkandincludestheeﬀectiveattractionV
betweentwoelectronsofoppositespinandmomentumformingaCooperpairviathe
exchangeofamomentumq=k−kasshowninFig.2.4. Thesimpliﬁcationsthat
onesusesherearethatonlyelectronswithoppositespinandmomentuminarangeof
theDebyefrequencyωDaroundtheFermilevelparticipateintheinteractionandthat
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Figure2.4.:SchematicrepresentationoftheformationofaCooperpairviatheexchangeof
aphononwithmomentumq.
theeﬀectiveinteractionisasimpleconstant.TheBCSHamiltoniancanbetreatedby
severalmethodsliketheoriginalvariationalansatzortheBogoliubovtransformation.
Thesemean-ﬁeldtreatmentsforsmal Vyieldaself-consistentequationfortheorder
parameterofthesuperconductingphase,thegap
∆=V∆2 k
1
Ektanh
βEk
2 (2.86)
wheretheenergyisEk= ε2k+∆2andβistheinversetemperature.Inthenormal
metalicstateweget∆=0whileforasuperconductingstateweﬁnd∆=0. Going
tosmaltemperaturesandusingaconstantelectronicdensityN(EF)intherangeωD
aroundtheFermilevelleadstoanapproximationforthegap
∆(T=0)≈2ωDe−1/[VN(EF)]. (2.87)
Themostimportantquantitytodescribeasuperconductingmaterialisprobablythe
criticaltemperatureTcatwhichthesuperconductingphasesetsin.Thistemperature
canbederivedbysetting∆≈0inEq.(2.86)andassumingthatωD kBTc,since
theDebyetemperatureistypicalyoftheorderofroomtemperatureandthecritical
temperatureisusualyafewKelvin.Thisleadsto
Tc=1.14ΘDe−1/[VN(EF)]. (2.88)
Weseethatboththecriticaltemperatureandthesuperconductinggapdependexpo-
nentialyontheinverseoftheinteractionparameter
λBCS=VN(EF). (2.89)
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AsfoundpreviouslyinEq.(2.69),thetypicalphononfrequencyisproportionaltothe
inverseofthesquarerootoftheatomicmass.SinceTcisproportionaltotheDebye
frequency,thisleadsto
Tc∝ 1√M. (2.90)
Thus,diﬀerentisotopesofthesamechemicalelementhavediﬀerentcriticaltemper-
atures,whichiscaledtheisotopeeﬀect.Findingtheisotopeeﬀectinexperimentsis
regardedasanindicationthatthematerialathandisaconventionalsuperconductor. We
mentionthatthehighesttemperaturesinelectron-phononsuperconductorsaregener-
alypossiblewhenhydrogenatomsareincludedinorresponsiblefortheelectron-phonon
coupling.10
Whileprovidingasimpleandintuitivepicturefortheunderstandingofconventional
superconductivityandbeingabletocalculatethesuperconductingpropertiesofsimple
materials,thereareseverelimitationstotheBCStheory.Itisonlyameanﬁeldtheory
forweakelectron-phononcoupling,andthiscouplingisonlytakenintoaccountinan
eﬀectiveway.Furthermore,noCoulombinteractionbetweentheelectronsis(explicitly)
includedintheBCStheory. Thus,anextensioninformoftheEliashbergtheoryis
needed.
2.6.2.Eliashbergtheory
TheEliashbergtheoryofsuperconductivity[94,108]wasﬁrstputforwardin1960[109].
ItisbasicalyanextensionoftheBCStheorywhichdealswithstrongelectron-phonon
couplingλ∼1andalsoincludestheCoulombinteractionexplicitly.
TheEliashbergtheoryisconvenientlyderivedusingtheNambuformalism[110]which
treatstheelectronoperatorsintheformofspinors
ψk= ck↑c†−k↓
, ψ†k=(c†k↑,c−k↓). (2.91)
Fromthisnotationonecanalreadyseethatthestartingpointofthistheoryissimilarto
theBCStheorysinceitalsousesCooperpairscomposedofelectronswithoppositespin
andmomenta. ThegeneralHamiltonianforelectrons,phononsandtheirinteractions
10Sulfurhydrideshavegainedalotofinterestrecentlyduetotheﬁndingofasuperconductingphase
withTcofupto203K[107].
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Σ= +
Figure2.5.:Selfenergydiagramswithelectron-phononandelectron-electroninteractionthat
areincludedintheEliashbergtheory.
readsinthisnotation
H=
k
εkψ†kσ3ψk+
qλ
ωq,λb†q,λbq,λ+
kkλ
gk−k,λ(k)φk−k,λψ†kσ3ψk
+12k1k2k3k4
k3k4|W|k1k2(ψ†k3σ3ψk1)(ψ†k4σ3ψk2).(2.92)
withelectronicdispersionεk,phononfrequencyωq,λ,electron-phononcouplinggq,λ(k),
(appropriatelyscreened)staticCoulombinteractionW,andthephononoperatorinthe
Nambuformalismφq,ν=bq,ν+b†−q,ν.ThePaulimatricesare
σ1= 0 11 0 , σ2=
0 −i
i 0 , σ3=
1 0
0 −1 . (2.93)
Toobtaininformationonthestateofthesystem,onehastosolvetheDysonequation
(2.25)forthe2×2Green’sfunctionmatrixoftheelectrons
G(k,τ)=−Tτψk(τ)ψ†k(0). (2.94)
Themostimportantingredientistheself-energyoftheelectrons. Usualy,theself-
energyintheframeworkofEliashbergtheoryisfoundbyusingatheorembyMigdal
[111]whichstatesthatvertexcorrectionscanbeomittedsince meﬀ/M∼ωD/EF 1
witheﬀectiveelectronmassmeﬀandatomicmassM,i.e.,becauseelectronsandphonons
liveondiﬀerentenergyscales.Theonlyremainingcontributionstotheself-energyare
showninFig.2.5.Thisdiagramleadsto
Σ(k,iωn)=−1βknν
σ3G(k,iωn)σ3 |gk−k,ν(k)|2Dν(k−k,iωn−iωn)+W(k−k)
(2.95)
wherethephononGreen’sfunctionDν(q,iωn)inimaginaryfrequenciesistheFourier
transformofDν(q,τ)=−Tτφq,ν(τ)φ†q,ν(0).Splittinguptheself-energyintooddand
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evenpartswithrespecttotheMatsubarafrequencyiωnleadsto
Σ(k,iωn)=iωn[1−Z(k,iωn)]1+χ(k,iωn)σ3+φ(k,iωn)σ1+φ(k,iωn)σ2. (2.96)
Onenowusestheone-particleGreen’sfunctionsforelectrons,Eq.(2.23),andinserts
themintotheDysonequationfortheful Green’sfunctiontogetherwiththeself-energy.
IfwethenputthefulelectronicGreen’sfunctionandtheone-particleGreen’sfunction
forthephonons,Eq.(2.24),intoEq.(2.95),andcomparetoEq.(2.96),wegetthe
equationsfortheindividualcomponents.11Afterwards,severalapproximationsareused;
oneassumesthatthecomponentsoftheself-energyareonlynon-zeroaroundtheFermi
levelandthatitis,thus,sensefultotaketheaverageovertheFermisurfacekFandomit
wavevectordependencies.Furthermore,oneusesaconstantelectronicDOSN(EF)and
setsχ=0duetothefactthatitonlybringsaboutasmalshiftoftheenergyscale.In
theend,theself-energyequationsthathavetobesolvedself-consistentlyread
iωn[1−Z(iωn)]=−πβ n
iωnZ(iωn)
Ξ(iωn) [λ(iωn−iωn)−µ]
φ(iωn)=πβ n
φ(iωn)
Ξ(iωn)[λ(iωn−iωn)−µ] (2.97)
with
Ξ(iωn)= ω2nZ2(iωn)+φ2(iωn) (2.98)
andtheeﬀectiveelectronphononcoupling
λ(iωn−iωn)=2 ωα
2F(ω)
(ωn−ωn)2+ω2dω (2.99)
thatincludestheelectron-phononspectralfunctionα2F,seeEq.(2.81).Theaveraged
Coulombinteractionisdeﬁnedby
µ= 1N(EF)kk
Wkkδ(εk−EF)δ(εk−EF). (2.100)
IftheCoulombinteractionispurelylocal,Wkk =W,thisleadstothesimpleformula12
11DetailsonthederivationoftheEliashbergequationscan,forexample,befoundinRefs.[112]and
[113].
12Notethatinthiseﬀectiveway,CoulombrepulsionandBCSelectron-phononinteractionaredescribed
verysimilar,seeEq.(2.89).
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µ=N(EF)W. (2.101)
IntheformoftheEliashbergtheorypresentedinEq.(2.97),thegapisdeﬁnedby
∆(iωn)=φ(iωn)Z(iωn). (2.102)
Besidestheeﬀectiveelectron-phononinteractionλ,seeEq.(2.83),therearetwoimpor-
tantquantitiesthatareoftenusedtodescribethesuperconductingphaseinEliashberg
theory,namelytheeﬀectiveortypicalphononfrequency
ωlog=exp 2λ α
2F(ω)ln(ω)ω dω (2.103)
andtheretardedCoulombpotential,sometimescaledCoulombpseudopotentialor
Morel-Andersonparameter[114],
µ∗= µ
1+µln EFωlog
. (2.104)
ThelattertakescareofthefactthatthestaticCoulombrepulsionbetweenelectrons
isreducedduetotheretardationoftheelectron-phononinteraction.Commonly,µ∗is
assumedtobeintherangeµ∗=0.1−0.2,butitcanalsohavesigniﬁcantlydiﬀerent
values,seeSec.(5.1.3).
McMilanandAlen-Dynesapproximation
Inthisthesisaswelasmanyotherworksonelectron-phononsuperconductivity,ap-
proximativeformulasforthecriticaltemperatureareusedinsteadofsolutionstothe
fulEliashbergequations. WeusetheformulabyAlenandDynes[115],whichisanim-
provementoftheworkbyMcMilan[116].Thelatteremployedﬁtstonumericalresults
forNbthatleadtotheexpressionforthecriticaltemperature
Tc= ΘD1.45exp
−1.04(1+λ)
λ(1−0.62µ∗)−µ∗ (2.105)
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whereΘD isagaintheDebyetemperature,λiscalculatedviaEq.(2.83),andµ∗is
calculatedviaEq.(2.104).TheimprovementbyAlenandDynesledto
Tc= ωlog1.2kBexp
−1.04(1+λ)
λ(1−0.62µ∗)−µ∗ (2.106)
wherethephononfrequencyωlogiscalculatedviaEq.(2.103).AlenandDynesuseda
valueofµ∗=0.1foral metals.Theexponentialdependenceonλwaspreviouslyalso
foundbysolvingtheBCSequations.Takinganeﬀectivecouplingofλeﬀ=(λ−µ∗)/(1+λ)
approximatelyrecoverstheBCSequationforthecriticaltemperature(2.88).
Theuseofthreerathersimpleparametersandthesimpliﬁedcalculationofthecritical
temperatureledtothesuccessoftheaboveequationsforTcandtothefactthatthey
areoftenusedsynonymouslywithEliashbergtheory. However,theysuﬀerfromsome
severelimitations.Amongtheseisthefactthattheycannotaccountforanisotropyin
thecouplingand,thus,inthegapfunctionorthecriticaltemperature.Additionaly,the
calculationoftheeﬀectivephononfrequencyviaEq.(2.103)isnolongerpossiblefor
anon-vanishingelectron-phononcouplingandanon-zeroα2F(ω)atfrequenciesω≤0,
andtheequationsforthecriticaltemperaturearenotapplicableinthiscase.
3.Electronicpropertiesoftwo-dimensional
materials
Two-dimensionalmaterialshavereceivedalotofscientiﬁcattentioninrecentyears.In
contrasttoearlierdiscussionsofthepropertiesofquasi-two-dimensionalsituationslike
surfacesorinterfaces[117],purely2Dmaterialsconsistingofasingleatomiclayercan
nowbeproducedexperimentalybyexfoliationviathescotch-tapetechnique[3]orona
largerscalebychemicalvapordeposition[118].Notonlyarethesematerialsimportant
whenitcomestostudyingfundamentalphysics,buttheycanalsobeutilizedtomake
ultrathindevicesfortheuseinsuchﬁeldsas(opto)electronics,catalysisorphotovoltaics
[119,120].Here,weshowonlyafewaspectsofthepropertiesofthesematerialsrelevant
fortheworkpresentedinthelaterpartsofthethesis. Detaileddiscussionsforboth
grapheneandthetransitionmetaldichalcogenidescanbefoundintheliterature,e.g.in
Refs.[9,121,122].
3.1. Transition metaldichalcogenides
Transitionmetaldichalcogenides(TMDCs)havethechemicalformulaMX2,withthe
monolayersconsistingofalayeroftransitionmetalatomsM sandwichedbetweentwo
layersofchalcogenatomsX.Thelatticestructureissimilartothehoneycomblattice
ofgraphene,seeSec.3.2,withthetransitionmetalatomsononesublatticeandthe
chalcogenatomsontheotherinthe2Hphase.Thus,theinversionsymmetryisbrokenin
monolayerTMDCs.About40diﬀerentTMDCsexist[123];wefocusonthesixmaterials
withMo, WandNbasatransitionmetalandSorSeasachalcogenandonlydealwith
the2HphaseasdepictedinFig.3.1.Inthisthesis,wedonotdiscussthe1Tphasewhere
thepositionsofthechalcogenatomschangeandTMDCsthataresemiconductinginthe
2Hphaseexhibitmetaliccharacter;foracomprehensivediscussionoftheelectronic
structureofmanyTMDCsinbothphasesseeforexampleRef.[124].
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Figure3.1.:StructureofaTMDCinthe2Hphase.Thechalcogenatomsarecoloredyelow,
thetransitionmetalatomsarecoloredgrey.
OneexampleforthepracticaluseofTMDCsthathasbeenstudiedforaratherlong
timearelubricantapplications,where MoS2wasinvestigatedmostintensively[125].
Recently,duetothepossibilityofcreatingthinlayersandthevarietyofopportunitiesfor
functionalization,tuning,andcombinationthatisinherenttolow-dimensionalmaterials
[126],alotofotherapplicationshavebeenproposedandareamajortopicofresearch
[127,128].Theyincludetheuseinphotovoltaicandotherdevicesforenergyconversion
andstorage[129–131]andindigitalelectronicdevicessuchasﬁeldeﬀecttransistors
[7,132,133]aswelasseveralotherphysical,chemicalandindustrialﬁelds,especialy
upondoping[134].
3.1.1. Densityofstatesandbandstructure
WhiletheelectronicpropertiesoftheTMDCscanencompassawiderangefromsemi-
conductingtosuperconducting[120],theirbasicdescriptionslikethebandstructurelook
similar.Here,wedemonstratesomeofthetypicalandimportantfeaturesofthesebasic
electronicpropertiesusingtheexampleofMoSe2;instabilitieslikesuperconductivityand
CDWsarediscussedlateroninchapter5.
Firstwelookatthedensityofstates(DOS)asobtainedfromDFTcalculations1,see
Fig.3.2. TheDOSshowssharpfeaturesatthevan-Hovesingularities,whichwewil
discussinmoredetaillateron,aswelasatthebandedges,andhasvaluesintherange
between2and5eV−1otherwise.Its2DcharacterisobviousinthelowerpictureofFig.
3.2,whereonecanclearlyseethesingularitiesaround0.4eV,andinthestepsabove3eV
andaround0eVintheupperpicture.Thesestepsarisebecausetwo-dimensionalityleads
toaconstantDOSforasingleelectronicvaleywhichcanbedescribedbyaquadratic
dispersion,inconstrasttothesquarerootshapeoftheDOSin3D.Thisisthecasehere:
belowEF<0.15eV,onlythevaleyaroundtheKpointinreciprocalspaceisrelevant
1Fordetailsontheparametersintheseandothercalculations,seeAppx.A.TheFermienergyisset
totheminimumoftheconductionbandinalpicturesforundoped,i.e.,semiconductingMoSe2.
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Figure3.2.:(Top)DensityofstatesforMoSe2obtainedusingthetetrahedronmethod[135].(Bottom)Closerlookatthedensitiyofstatesofthelowestconductionbands.
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Figure3.3.:Paththroughthe2D-Brilouinzoneincludinghighsymmetrypoints.Takenfrom
[113].
andthedensityisconstantn≈0.5eV−1.Abovethisenergy,bothK-andΣ-valeysare
relevantandn 2.5eV−1.
Next,weplottheelectronicbandsalongthehighsymmetrypaththroughtheﬁrst
BrilouinzoneshowninFig.3.3.ThefulbandstructureofMoSe2isdepicted2inFig.
3.4.Thebandsofinnershelelectronslieat14eVbelowtheFermienergyandlower.
Athigherenergies,onecanidentifyasetofoutershelvalencebandsbetween-7eVand
-2eV.AbovetheFermilevelweseefourconductionbands. BetweenthesixTMDCs
discussedinthisthesis,themostimportantdiﬀerencesinthebandstructurearethe
positionoftheFermienergy,whichliesinthebandgapforthesemiconductorsandin
theupmostvalencebandforthemetals,andthepositionofthehighestvalenceband.
Thisvalenceorconductionbandismoreorlessentangledwiththelowervalencebands;
2PleasenotethatweusedaGGApotentialfor MoSe2sincethisyieldsthedirectbandgapinthemonolayerwhichwasfoundexperimentaly[136]. ALDApotentialwouldyieldanindirectband
gap.Foreverymaterialweuseapotentialthatyieldsareasonableelectronicstructureandmakes
thecalculationrunsmoothly,seeAppx.A.
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Figure3.4.:(Top)Fulbandstructureof MoSe2.(Bottom)BandsaroundtheFermilevel.Theredlinesshowthe Wanniermodelofthethreeimportantbandsaroundthe
FermilevelasdescribedinSec.3.1.2.
46 3.Electronicproperties
Figure3.5.:ExperimentalresultforthephotoluminescenceofMoS2.Thepeakintheintensityinthemonolayerlimitsignalsachangefromanindirectdoadirectsemiconductor
withdecreasinglayernumber.Picturetakenfrom[137].
forexample,itisnotseperatedfromthelowerbandsinMoSe2,seeFig.3.4,whileitis
clearlydecoupledfromthesebandsinNbS2,seeFig.3.9.
Semiconductors
Thefourmaterialsconsideredhere,MoS2,MoSe2, WS2andWSe2,arealindirectsemi-
conductorsinthebulkandfew-layersystems,whiletheybecomedirectsemiconductors
inthemonolayerlimit,whichwasﬁrstfoundexperimentalyforMoS2byMaketal.,
seeFig.3.5.Theopticalbandgap3isbetween1.5and2eV[136,137,139].Thechange
fromanindirecttoadirectbandgaphappensduetoquantumconﬁnement[15,140]
whichinﬂuencesthemaximaofthevalencebandatKandΓaswelastheminimaofthe
conductionbandatKandΣ;itcanbeexperimentalyobservedinphotoluminescence
spectra[141].
TheinstabilitiesofsuperconductivityandCDWsthatarediscussedinchapter5canof
courseonlyariseinametalicsystem,orratherasystemwithfreeconductionelectrons.
MetalicphasescanbeestablishedinthesemiconductingTMDCsviachemicaldoping
aswelasﬁeldeﬀectgating[126].InourDFTcalculations,wedonotexplicitlyconsider
chemicaldopingandlimitourselvestoaneﬀectivetreatmentofthedopingbyincluding
3Onehastobearinmindthattheelectronicbandgapseeninourﬁguresofthebandstructure
iswelknowntobeunderestimatedbyDFTcalculations;betterresultsareobtainedusingGW-
calculations,seeforexample[138].
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Figure3.6.:ChangeofthebandstructureattheFermilevelwithelectrondopingxforMoSe2.TheLifschitztransitiontowardsalargernumberofFermipocketshappensaround
x=0.08.
anon-zerototalchargethatiscompensatedbyajeliumbackground[cf.Eq.(2.13)].
Thiseﬀectiveelectrondoping4xleadstoachangeoftheFermilevelaswelasthevaley
structureoftheconductionbandsascanbeseeninFig.3.6. Thelowestconduction
bandhastwoprominentminimaattheK-pointandthepointΣ= 12ΓKinreciprocal
space.Thevaleysatbothpointshaveparabolicdispersionsclosetotheminima,which
makesaneﬀectivemassdescriptionpossible,seeRefs.[113,142].Uponelectrondoping,
ﬁrstthevaleysattheK-pointsandafterwardstheΣ-valeysareﬁledwithelectrons.
ThisLifschitztransition[143]toalargernumberofFermipocketsisdepictedinFig.
3.7.Itsimportance,forexampleconcerningthesuperconductingphase,isdiscussed
lateroninthisthesis. Thevalueofthecriticaldopingatwhichthetransitiontakes
placeisapproximatelyxxrit=0.08forMoSe2inDFT,butcanbediﬀerentfortheother
TMDCs.Ingeneral,thevaluesliebetweenx=0.05andx=0.10.
4Thedopingisalwaysquantizedastheamountofadditionalelectronsxperunitcel.
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Figure3.8.:DevelopmentofthedensityofstatesattheFermienergywithelectrondoping
inseveralTMDCs. Dataisobtainedfromcalculationsinvolvingthe Wannier
modelsdescribedinSec.3.1.2.Thetwodashedlinesrepresentvaluesof0.2and
1.0,respectively.
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FromFig.3.6onecanfurtherseethatthetwominimaexperiencenotonlyashift
withrespecttotheFermienergy,butalsoarelativechangeoftheirpositions. The
latterchangewilbeincludedinthephononcalculationsinSec.5.1,butnotinour
calculationsontheCoulombinteractionpresentedinSecs. 4.3,4.4,5.1.3,and5.3.
Whetherthetreatmentofthedopingasarigidshiftdonethereisjustiﬁedcanbe
questionedandwilbediscussedintherespectivesections.
Lastly,welookathowtheDOSattheFermilevelN(EF)changesuponelectrondoping
forthediﬀerentsemiconductingTMDCs,seeFig.3.8.TheLifshitztransitionisobvious
inthispicture,withachangeofN(EF)atthetransitionfrom∼0.2pereVandspin
to 1.0pereVandspininalfourmaterials. Whereexactlythetransitionoccurs
depends,however,onthespeciﬁcmaterial. Furthermore,theconcretevalueschange
slightly,withN(EF)beinggeneralyalittlelargerinMoSe2andlyingbelow0.2inthe
tungstenmaterialsatlowdoping.
Asasidenote,wementionthatnospin-orbitcoupling(SOC)isdiscussedinthisthesis.
SOCcanbestronginTMDCswithsplittingsbetween150and500 meVatthetopof
thevalencebandattheKpointandismuchstrongerintungstenbasedmaterialsthan
inmolybdenumbasedmaterialsbecauseofthelargeratomicmass[144].Furthermore,
combiningspinandvaleydegreesoffreedomcanbeusefulforstudyingphysicsand
applications[145].
Metals
ForthemetalicTMDCsNbSe2andNbS2,wehaveahalfﬁledlowestconductionband
whichhasasimilarstructuretothehighestvalencebandsinthesemiconductingmateri-
als.ItsstructureisshownforNbS2inFig.3.9.Sincethematerialsarealreadymetalic,
wedonotdiscusstheeﬀectsofdoping. TheFermienergyliesclosetothevan-Hove
singularity[146]thatoccursattheM-pointoftheBrilouinzonewheretheelectronic
dispersionisﬂatandhasavanishingderivative. Thissingularityshowsupasalarge
peakinthedensityofstates,whichcanhaveprofoundeﬀectsonthescreeningandother
propertiesofthematerial.
Fig.3.10showstheFermisurfaceofNbS2. WecanidentifyratherlargeFermipockets
aroundΓandeachKpoint.AttheKpoints,thepocketshaveanelipsoidalshapewhile
theshapeiscirculararoundΓ.
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Figure3.9.:Bandstructureofthehalfﬁledconductionbandandsurroundingbandsfor
undopedNbS2.
3.1.2. Minimalthree-bandmodel
Inordertoobtainamodelthatisatthesametimematerialrealisticandeasyto
handle,weturntothequestionwhetherasimpliﬁeddescriptionofthebandstructure
ispossible.Superconductivityandotherlow-energyphysicsconsideredinthisthesis
mainlytakeplaceclosetotheFermilevel. FortheTMDCs,Figs.3.4and3.9show
thatessentialyonlythreebandsarerelevanttodescribetheelectronicdispersionin
thisarea.AswaspreviouslyshowninRefs.[73,147,148],thesethreebandsarisefrom
thed-orbitalsoftheM-atomsfortheTMDCMX2.Fig.3.11showsthattheycanbe
eﬃcientlydescribedusingonlythedz2,dxyanddx2−y2orbitals.Thus,togetasimple
andaccuratemodelforthethreeimportantbandsofeachTMDC,weemployaWannier
constructionwhichincludesonlythesethreeorbitals.Thetight-bindinghoppingmatrix
elementsareobtainedfromprojectionsoftheresultsfortheDFTbandstructureonto
thethreeorbitals. Weuseadisentanglementprocedureinsideofanouterenergywindow,
butdonotinvolvethemaximallocalizationschemeinordertopreservethesymmetry
andorbitalcharacter(seeSec.2.1.6and[52]).
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Figure3.10.:SchematicpictureoftheFermisurfaceofundopedNbS2.Theblacklinescor-respondtotheboundariesoftheﬁrstBrilouinzone.
Anexampleoftheresultingthree-bandstructureisdepictedfor MoSe2inFig.3.12.
WanniermodelswereobtainedfortheotherﬁveTMDCsaswel. Whiletheconstruction
ofthesemodelsisveryaccurateifthehighestvalencebandisnotentangledwiththe
lowervalencebands,asitisthecaseforexampleinNbS2,seeFig.3.9,problemscan
ariseandthedescriptioncanbeinaccurateatcertainpointsinreciprocalspaceforthe
caseofentangledvalencebands.AscanbeseeninFig.3.4(Bottom),theseinacurracies
areoveralstilsmalforthebandstructureofMoSe2andmainlypresentaroundtheK
andΣpointsaswelclosetothecrossingbandsattheMpoint.The Wanniermodels
describedhereareusedforthecalculationsinvolvingtheCoulombinteractioninSecs.
4.4,5.1.3,5.3,and5.4.
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Figure3.11.:BandstructureandorbitalcharactersforMoS2
−1
 0
 1
 2
 3
Γ M K Σ Γ
En
erg
y (
eV
)
;picturebyMalteRösner,[73].
Figure3.12.:Electronicdispersionfromthree-band WanniermodelforMoSe2.
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3.2.Functionalizedgraphene
Theisolationofcarbonasastable,purelytwo-dimensionalmonolayercaledgraphene
wasﬁrstperformedbyNovoselovetal.[2,3].Itledtoalotofresearchongrapheneand
tothediscoveryofsuchinterestingphysicsasexorbitantmechanicalstrength,verylarge
intrinsicmobilityandDiracelectrons[10,149,150].Besidestheinsightintofundamental
physicsthatcanbegainedfromtheexampleofgraphene,therehavealsobeenalotof
proposalstousethematerialinelectronic,photonicorotherapplications[151,152].
Ingraphene,thecarbonatomsarearrangedinahoneycomblatticestructurewith
twodiﬀerentsublattices. Pristinegraphenecanbeviewedasasemiconductorwitha
vanishingelectronicgap.DirectlyattheFermilevel,electronsobeyalineardispersion,
caledtheDiraccone,andthelow-energyquasiparticleexcitationscanbedescribedvia
aneﬀectiveHamiltonianformasslessDiracfermions[9,151]. Thisunusualelectronic
dispersionisoneofthereasonsforthestronginterestingraphene.
Becauseoftheabsenceofabandgap,someopticalandotherapplicationsarenotpossi-
bleinpristinegraphene.Asaresult,alotofresearchhasbeenfocussedonsearchingfor
agraphenerelatedmaterialwithasizeablebandgap.Thishasleadtotheexperimen-
talandtheoreticalworkonseveralfunctionalizationsofgraphene,wherehydrogenated
graphene,caledgraphane[153],andﬂuorinatedgraphene,caledﬂuorographene[154],
aretwoofthemostcommonexamples.
AsmentionedearlierinSec.2.6.1,hydrogenisespecialyinterestingforsuperconduct-
ingcompounds. Duetotheirlowatomicmass,hydrogenatomsleadtolargephonon
frequencieswhichcanresultinlargecriticaltemperaturesofthesuperconductingphase,
cf. Eqs.(2.69)and(2.90). Forexample,criticaltemperaturesofupto203Kwere
recentlyfoundinsulfurhydrides[107].Thepossibilityofhighcriticaltemperaturesis
onereasonforustodiscusstheexampleofpartialyhydrogenatedgrapheneC8H2in
thisthesis.Additionaly,thisstructureisespecialyinterestingsinceitcanbeproduced
experimentaly[156]andleavesthesideofgraphenethatisnotoccupiedbyhydrogen
atomsopenforfurthertuningorfunctionalization.
WeusethegeometrythatwasdescribedfortheundopedsysteminRef.[155]withthe
parametersofthecalculationsgiveninAppx.A.2.Inthismaterial,thetwohydrogen
atomspersupercelareonthesamesideofthegraphenelayerandoccupytheopposite
sidesinahexagon,sothattheyareondiﬀerentsublattices,seeFig.3.13.Thesystem
canbedescribedasanarrangementofC6hexagonsconnectedbyCHmolecules. We
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Figure3.13.:(Left)UnitceloffunctionalizedgrapheneC8H2thatweuseforourcalculationswithcarbonatomsinyelowandhydrogenatomsinblue. Wehlingetal.,[155],
calculatethistobethegeometryrealizedforlowdopingconcentrations.(Right)
Sideviewshowingtherelaxedz-positionsoftheatoms.
donotfulyrelaxtheatomicstructure,butonlyrelaxthez-positiontopreservethis
symmetry5,seeFig.3.13. Duetothisapproach,theC8H2structuredescribedinthis
thesisismetastable,ascanbeseenfromthephonondispersionsinSec.5.2.
3.2.1. Bandstructure
Whilepristinegrapheneisasemiconductorwithavanishingbandgap,thefunction-
alizationwithhydrogenatomsopensupabandgapofseveraleV.Intheelectronic
dispersionobtainedfromourDFTcalculations,weseetwohighvalencebandsandtwo
lowerconductionbands,separatedbyanindirectbandgapof3.4eV,seeFig.3.14.Both
bandsareratherﬂat,whilethesurroundinglowervalenceandhigherconductionbands
haveastrongerdispersionthatisquadraticaroundΓ.Themostdiscussedfeaturesof
thetypicalgraphenebandstructure,i.e.,theDiracconeandtheπ-bands,arepushed
upwardsinenergybymorethan3eVasaresultofthefunctionalizationwithhydrogen
atomsandhybridization.
Next,wediscusstheeﬀectsofdoping,andlookatthecaseofelectrondopingﬁrst,see
Fig.3.15. Weseethatforsmalelectrondopinglevelsx=0.1persupercelofC8H2,
5Afulyrelaxedatomicstructurewould,amongothereﬀects,leadtocomputationalproblemssuchas
verylongtimescalesinthecalculationofthephonondispersionandtheelectron-phononinteraction,
seeFig.5.11.Thisisduetothefactthattheq-meshofthephononcalculationcanbereducedif
thesystemhasahighsymmetry,cf.Appx.A.2.
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Figure3.14.:BandstructureofC8H2withoutdopingfromDFTcalculations.
twodegeneratedFermipocketsaroundΓexist.Forlargerconcentrations,anadditional
pocketappears,stemmingfromaquadraticbandthatisrapidlypusheddownwards
withincreaseddoping.Ithybridizeswiththetwolowest,formerlyseparatedconduction
bandsandadditionalelectronsmainlyoccupythisbandforx 0.2.Thus,aLifshitz
transitionliketheonethatwasalreadyobservedinthesemiconductingTMDCsupon
dopingoccurshere,too.6
Uponholedoping,thesituationisalittlediﬀerent. Duetoﬂatdispersionandthe
resultinghighdensityofstatesattheM-pointmaximum,alreadysmalchangesinthe
Fermilevelrequirearatherlargedopinglevel,sothatoneneedsx∼0.3removed
electronstogetaclearholepocketaroundthevalencebandmaximum,seeFig.3.16.
Furtherholedopingchangestheshapeofthetwovalencebandsandleadstoanother
Lifshitztransitionatx∼0.9whereadditionalpocketsappearatapointbetweenKand
Γinreciprocalspace.7Thedispersionaroundthispointisalsoratherﬂatandsimilar
toavan-Hovesingularity.
Asalaststep,welookattheorbitalcharacteroftherelevantvalenceandconduction
6Seethediscussionattheendofthissection.
7ItisimportanttonotethatinRef.[155],x<0.4electronspersupercelorx<0.05electrons
percarbonatomwascalculatedtobetheregimewheretheC8H2structurediscussedhereistheequilibriumgeometry. Furthermore,wedonottakeintoaccountchemicaldopingwhichcould
experimentalybenecessarytoachievesuchhighdopingconcentrationsasx∼0.9holesorelectrons.
Thus,theresultsforlargeelectronorholedopingpresentedherehavetobetakencarefuly.
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Figure3.16.:Bandstructureofthevalence,i.e.,partialyﬁledbandsinC8H2underholedopingxpersupercel.
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bands. Thesebandsarecomposedofthep-orbitalsofthecarbonatomsaswelas
thes-orbitalsofthehydrogenatoms.InFig.3.17,onecanseethatthepx-andpy-
orbitalshaveonlyasmalcontribution,mainlyforsmal wavevectorsaroundΓ,while
thehydrogens-orbitalsarepresentforlargerwavevectors. Mostoftheorbitalcharacter
oftheconsideredbands,however,stemsfromthecarbonpz-orbitals.Thismeansthat
inthecaseofelectrondopingintotheconductionbands,onlythecarbonp-orbitals
arerelevant,especialybecausethebandthatispusheddownwardsinenergyhasonly
pz-character.Uponholedoping,onlythepz-orbitalsandthehydrogens-orbitalsplaya
rolesincetheholepocketsariseattheMpointandbetweenΓandK.
Oneimportantissuethathasnotbeenadressedsofaristheproblemofnearlyfree
electronswithquadraticbands.OnemightaskifelectrondopingsbeyondtheLifshitz
transitioninC8H2justﬁlthesequadraticbands. Wecanstatethatfromourcalculations
oftheorbitalcharacterasshowninFig.3.17,thebandthatispusheddownwardsand
ﬁledwithelectronsstilhasaweldeﬁnedorbitalpz2-characterwhichmeansthatit
shouldnotbelongtonearlyfreeelectrons. Stil,byusingonlydatafromourDFT
calculations,wecannotdecidewhethertheobservedLifshitztransitionisanartifactof
ourcalculations;furthermore,thetransitionmayoccuratadiﬀerentdopinglevelin
experiments.
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Figure3.17.:BandstructureofC8H2withoutdoping.(Top)Weightofthepx-andpy-orbitalsofthecarbonatoms.(Bottom) Weightofthepz-orbitalsofthecarbonatoms
ands-orbitalsofthehydrogenatoms.
4. QuantiﬁcationofCoulombinteraction
andscreeninginTMDCs
Inthischapter,wepresentourmodelfortheCoulombinteractionandfocuson2D
TMDCs. Theothermaterialclassofinteresttous,(functionalized)graphene,was
alreadyinvestigatedinRefs.[34,81]andisdiscussedinSecs.3.2and5.2concerningits
electronicandphononicproperties,respectively.
Asmentionedintheintroduction,theCoulombinteractioninTMDCsanditseﬀects,
especialyonthemany-bodypropertiesofthematerials,arenotwelunderstood. On
theotherhand,theinteractioninﬂuencesalotofpropertieslikesuperconductingorder,
chargeorderandspinordermoreorlessstrongly.Inordertobeabletodescribe
thesepropertiesinchapter5andaccountfortheinﬂuenceoftheinteraction,weneeda
material-realisticdescription.Furthermore,thisdetailedandquantitativedescriptionof
theinteractionisimportanttoexaminethegeneralclaimofastrongCoulombinteraction
intwodimensions.
Here,weﬁrstmakesomeremarksonwhytheCoulombinteractioncanbediﬀerent
in2Dcomparedto3Dmaterials. ThemainpartofthischapterfolowsinSec.4.2
wherewegivedetailsonourﬁttingprocedureandpresenttheresultsfortheCoulomb
interaction. Althoughthedetailsofthisschemecanbetechnical,theyareimportant
tounderstandtheadvantagesandshortcomingsofourapproach.Afterwards,weshow
resultsforthescreeninginbothsemiconductingandmetalicsystemsanddiscussthe
plasmonicspectraorElectronEnergyLossSpectra(EELS)oftheTMDCs.
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4.1. Coulombinteractionintwodimensions
Asalreadymentioned,theCoulombinteractionin2Dmaterialscanbehavequalitatively
andquantitativelydiﬀerentcomparedtothree-dimensionalbulkmaterials. Themost
obviousdiﬀerenceisprobablythepossibilitytoinﬂuencetheinteractioninsideofthe
layerfromoutsidebychangingthedielectricenvironment.Inasimpliﬁedpicture,this
canbeunderstoodbythefactthattheﬁeldlinesoftheinteractionbetweentwoseperated
chargesdonotonlypassthroughthelayer,butalsoentertheenvironment,seeFig.4.1;
thiseﬀectisstrongerthelargerthedistancebetweenthetwochargesis.
Ifthematerialissurroundedbyvacuum,thismeansthatespecialythelong-rangepart
ofthedielectricscreeningisreducedcomparedtothebulkcase,whichingeneralleads
toanenhancedCoulombinteraction. Ontheotherhand,wecanputthematerial
intoadielectricenvironmentandinthiswayenhancethescreening.Ifweenclosethe
layerforexampleinametalicenvironment,thiscouldevenreducetheinteractionto
valueslowerthanthoseforthebulk.Sinceexperimentson2Dmaterialsareusualy
doneonsubstrates,itisimportanttoincludesubstrateeﬀectsinourcalculationstoget
comparableresults.Beyondthat,substratescanbeusedtofunctionalizematerialsand
tunetheirproperties.Oneexampleisthecreationofheterostructureswithaspatialy
changingbandgap,seeRef.[31].
Inreciprocalspace,thebareCoulombinteractionisalsodiﬀerenttothreedimensions
becausetheFouriertransformofthe1/r-potentialleadsnottoa1/q2dependenceas
in3D,seeEq.(2.46),butrathertoa1/qdependence,seeEq.(2.47). Thisdiﬀerent
behaviourwilbeusedinthefolowingsectiontoobtainﬁttingmodelstotheab-initio
resultsfortheCoulombinteraction.
Figure4.1.:Electricﬁeldlinesbetweentwochargesinatwo-dimensionallayeredmaterial.
PicturebyMalteRösner,editedbytheauthor.
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4.2.Fitstoab-initioCoulombinteraction
Inthissection,wepresentourﬁttingroutinefortheCoulombinteractionin2DTMDCs.
Togetanaccurate,yetsimplemodeldescribingtheinteractionintherelevantbands
aroundtheFermienergy,weemploythethree-bandmodeldescribedinSec.3.1.2.The
dielectricscreeningandCoulombinteractionofthematerialsdiscussedinthisthesiswas
inpartsalsoinvestigatedinRefs.[157,158].
Insteadofusingaﬁtroutine,onecould,inprinciple,alsodirectlyusetheab-initio
valuesoftheCoulombinteractiontodescribeitsinﬂuenceonthemany-bodyproperties,
similartoouruseoftheonsiteinteractioninSec.5.4.3.Yet,ourapproachhasseveral
advantages: withtheﬁtmodel,weobtainadescriptionoftheCoulombinteraction
thatiseasiertointerpretandtohandlethantheab-initiodata.Furthermore,itisvery
diﬃcultandcomputationalydemandingtoincludetheeﬀectsofdielectricenvironments
anddopingintheab-initiocalculations,whilethisismucheasierusingtheﬁtmodel.
Lastly,incombinationwiththeWannierHamiltonian(cf.Sec.3.1.2),weobtainasimple
descriptionoftheTMDCsthatcanbeinterpolatedonarbitrarywave-vectorgrids.
4.2.1.Fittingprocedure
Simple Model
Mostoftheﬁttingprocedurepresentedherewasdescribedandpublishedbytheauthor
inRef.[159]. Additionaly,partsofourcalculationsonandparametrizationofthe
CoulombinteractioninMoS2werepreviouslydescribedinRef.[142].Here,wefolow
asimilarprocedureandmakeuseofthe Wannierfunctioncontinuumelectrostatics
approach(WFCE)developedby MalteRösneretal.,[81],toincludethescreening
eﬀectsofsubstrates,asdescribedinthefolowing.
TheresultsforthebareandtheinterbandscreenedinteractionareobtainedviaGW
(seeSec.2.4)andRPAorcRPAcalculations(seeSecs.2.3.1and2.3.2)usingtheSpex
softwarecode[82,83]onthebasisofDFTcalculationsinFLEUR[62].Detailsonthe
procedureandtheparametersforthesecalculationscanbefoundinAppx.A.1.2.
Inaﬁrststep,thebareinteractionmatrixUαβ(q)inthebasisconsistingoforbitals
α,β∈{dz2,dxy,dx2−y2}ofthetransitionmetalatomsisobtainedforthefreestanding
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undopedmaterial.ToparametrizetheCoulombinteraction,weusethesortedeigenbasis
ofthebareinteractiontodiagonalizethelatter
Udiag(q)=


Udiag1 (q) 0 0
0 Udiag2 0
0 0 Udiag3

. (4.1)
Here,thediagonalmatrixelementsaregivenby
Udiagi = ei|U|ei (4.2)
usingtheeigenvectors1ofUˆinthelong-wavelengthlimitq→0,
e1=


1/√3
1/√3
1/√3

,e2=


2/3
−1/√6
−1/√6

,e3=


0
1/√2
−1/√2

. (4.3)
Udiag1 (q)istheleadingeigenvalueofthebareinteraction. Theothertwoeigenvalues
onlyhaveaweak,anisotropicq-dependenceandare,thus,assumedtobeapproximately
constant;theirvaluesinourmodelarecalculatedbyaveragingtheab-initiovalues,see
Fig.4.3.
Inmostcasesinthischapterandthenextone,welookatthemacroscopicvaluesof
thequantitiesofinterest.Thismeansthatweusethosevalueswhichareobtainedbya
transformationusingtheeigenvectore1ofthebareinteractionthatcorrespondstoits
leadingeigenvalue.Inthisdeﬁnition,themacroscopicvalueofsomequantityAisgiven
by
Amac= e1|A|e1. (4.4)
Fortheleadingeigenvalueoftheinteraction,weobtainaﬁtoftheform
Udiag1 (q)=3e
2
2ε0A
1
q(1+γq) (4.5)
withtheareaofthe2Dhexagonalunitcel A=√32a2andthelatticeconstanta.The
valuesforacanbefoundinAppx.A.1.2.Thefactor3isnewinEq.(4.5)comparedto
1Onemightalsotrytoﬁtthepossiblewavevectordependenciesoftheseeigenvectors;thecomparison
oftheab-initiodatafortheeigenvectorstotheanalyticvaluesgivenaboveinEq.(4.3)isshownin
Fig.C.1.
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Eq.(2.47)andarisesfromthefactthatweusethreeorbitalstodescribethesystemand
treattheCoulombinteractionintheeigenbasisofthebareinteraction.γdescribeshow
theeﬀectiveheightaﬀectsshortwavelengths,whichmeansthatitisastructurefactor
andbecomesimportantatlargewavevectorscloseto1Å−1whereqandq2areofthe
sameorder.
Thescreenedmatrixelementsintheeigenbasisofthebareinteractionareobtainedfor
theundopedsystemvia2
Vdiagi (q)=εdiagi (q)
−1Udiagi (q) (4.6)
whereεdiagi (q)accountsforthescreeningthatresultsfromthematerialspeciﬁcinterband
polarizabilityandthepolarizabilityofthesubstrate.InthephilosophyofcRPA(seeSec.
2.3.2),thismeansthatwedonotinvolveintrabandormetalicscreeningeﬀectsinthe
ﬁttingprocedurepresentedhereandincludethemlateronwhenwecalculatethefuly
screenedinteractionW. Thediagonalrepresantationoftheinterbandandsubstrate
screeningisgivenby
εdiag(q)=


ε1(q) 0 0
0 ε2 0
0 0 ε3

 (4.7)
wheretheconstantsε2andε3describemicroscopic localscreeningeﬀectswhichare
similartothebulkmaterialandessentialyunaﬀectedbythedielectricenvironmentof
themonolayer.Themacroscopiceﬀectsaredescribedbytheleadingeigenvaluevia
ε1(q)=ε∞ 1−β1β2e
−2qd
1+(β1+β2)e−qd+β1β2e−2qd (4.8)
withfactors
βi=ε∞ −εsub,iε∞ +εsub,i (4.9)
describingtheinﬂuenceofsemi-inﬁnitebulkmaterialsonthescreeninginsideofthe
monolayer. Eq.(4.8)wasderivedinRef.[160]forageneralcaseandappliedtothe
situationdescribedhereinRef.[81].Theinvolvedparametersareaneﬀectiveheightd
andthevalueofthescreeningatlargewavevectorsε∞.Thevaluesarederivedfromﬁts
2PleasenotethatthecalculationoftheinterbandscreenedinteractionVviaEq.4.6presentsan
approximationtothefulab-initiovaluesofthisinteraction.ItisnotguaranteedthatVisdiagonal
intheeigenbasisofthebareinteractionU[seeEq.(4.3)]whichcanleadtoadditionalerrorsbeyond
thoseofourﬁttingschemeforthebareinteractionandthescreening.Thecomparisonoftheab-intio
valuestotheﬁtvaluesforthebackgroundscreenedinteractionisdoneinAppx.C.
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totheabinitiocalculationsforthefreestandinglayer.Thesurroundingsubstratesare
approximatedbydielectricconstantsεsub,1aboveandεsub,2belowthemonolayerwhich
canbevariedusingEq.(4.9).Notethatwedonottakeintoaccountpossiblefrequency
orwavevectordependenciesofthesubstratescreeninginourapproach,whichatthe
sametimelimitsitsaccuracybutalsogivesusamodelthatisnotrestrictedtoaspeciﬁc
materialandsubstrate,likeMoS2ongraphene[30].
Inthecaseofvacuumsurroundingthemonolayer(εsub,1=εsub,2=1),Eq.(4.8)simpliﬁes
to
ε1(q)=ε∞ε∞ +1−(ε∞ −1)e
−qd
ε∞ +1+(ε∞ −1)e−qd. (4.10)
Oncewehaveobtainedthediagonaldielectricmatrixεdiag(q),wecancalculatethe
screenedCoulombinteractionintheeigenbasisusingEq.(4.6)togetherwithEqs.(4.1)
and(4.5)andtheparametersinTab.4.1(forMoSe2;seeAppx.Bforvaluesoftheother
TMDCs). Afterwards,wecantransformtotheorbitalbasisusingtheeigenvectorsin
Eq.(4.3).ThisanalyticdescriptionalowstoevaluatethebareandscreenedCoulomb
matrixelementsatarbitrarymomentaqandforarbitrarydielectricenvironments.
Pseudo-Restamodel
Tobeabletounderstandthelimitationsofour modeldescriptionofthebareand
interbandscreenedCoulombinteraction,weturntotheThomas-Fermimodelforsemi-
conductorsbyResta,[161],andmodifyittobetterdescribethemacroscopicpartofthe
interbandscreening.Firstofal,wetrytoimproveourﬁtofthelargesteigenvalueof
thebareinteractionbyintroducingacubicfactorinEq.(4.5),leadingto
Udiag1,Resta(q)=3e
2
2ε0A
1
q(1+γq+δq2) (4.11)
withthenewﬁtconstantδ. ThisleadstothelargestchangesinUdiag1 (q)whenlarge
valuesofqareconsidered. Thedescriptionoftheothertwoeigenvaluesofthebare
interactionisnotchanged.
Secondofal,weemployapseudo-Restamodelforthemacroscopicscreening,which
incorporatesnottwoﬁttingparameterslikethesimplemodelinEq.(4.8)butrather
ﬁveﬁttingparametersa,b,c,d,e. Westilrelyontheﬁttingmodelforε1(q),butmake
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Figure4.2.:Fitoftheleading,macroscopiceigenvalueU1ofthebareinteractionUinMoSe2.Circlesshowtheab-initiodata,theblacklineshowsthequadraticﬁtandthered
dashedlinethecubicpseudo-Restaﬁt.
theformerconstantε∞ wavevectordependent
εResta∞ (q)= a+q
2
a
b
sin(qc)
qc +q2
+e. (4.12)
TheresultsofthismodelareshownandcomparedtothesimplemodelinFigs.4.2,4.4,
4.13,and5.8.
4.2.2. Discussionofresults
NowthatwehavediscussedourapproachtoobtainamodelfortheCoulombinteraction
oftherelevantbandsin2DTMDCs,wepresenttheresultsoftheﬁts.Thefocusherelies
ononeexample,MoSe2,butmostoftheresultsareverysimilarfortheothermembers
ofthismaterialclass.ThespeciﬁcﬁtparametersforalTMDCscanbefoundinAppx.
B.
66 4.QuantiﬁcationofCoulombinteraction
Table4.1.:ParametersofCoulombinteractioninMoSe2.
bareU
leadingEV,quadratic
γ(Å) 2.061
leadingEV,cubic
γ(Å) 2.232
δ(Å2) -0.356
microscopicEV
U2(eV) 0.837
U3(eV) 0.376
dielectricε
leadingEV,simple
ε∞ 10.238
d(Å) 9.615
leadingEV,pseudo-Resta
a(1/Å2) 1.605
b 13.181
c(Å) 5.772
d(Å) 3.499
e 7.508
microscopicEV
ε2 3.148
ε3 2.510
Asdescribedabove,ourﬁrststepistoﬁtEqs.(4.5)and(4.11)totheab-initioresults
forthelargest,macroscopiceigenvalueofthebareinteractionwhichweobtainfrom
calculationswithFLEURandSpex[62,83]usingtheRPAorthecRPAapproach,see
Secs.2.3.1and2.3.2.TheresultsareshowninFig.4.2andTab.4.1.Forwavevectors
q>0.2Å−1,bothﬁtmodelsdescribetheab-initiodataverywel3. Atthispoint,the
diﬀerencebetweenthetwoﬁtmodelsisalmostnegligible;thecubicﬁthasslightlymore
accurateresultsonlyforlargeqcloseto1Å−1sinceitcandescribetheﬂatteningofthe
ab-initiovaluesbyanegativeprefactorfortheq3-term(seeδinTab.4.1).Bothmodels
arenotabletodescribethetrendoftheab-initiovaluesofU1forq→0,butthisisno
problembecausethesevaluesresultpartlyfromaﬁnitevacuumheightofalsupercels
involvedinthecalculations.Furthermore,ﬁnitevaluesoftheCoulombinteractionfor
q=0arenotphysicalinnon-metalicsystems,whichmeansthattheresultsofthe
calculationscannotbetrustedforq≈0;thissetsanaturallimitforthelowerendof
ourﬁtrangewhichexcludedthepointatq=0inalcases.
Forthefuldescriptionofthebareinteraction,wealsoneedtheeigenvectorsaccording
toEq.(4.3)andthetwomicroscopiceigenvaluesofU,whichareshowninFig.4.3.
Weobservethatthattheaveragevaluesofthetwoeigenvaluesare U2∼0.8eVand
U3 0.4eV(seeTab.4.1),whichisageneralfeatureforaltheTMDCsconsideredhere
(seethecorrespondingtablesinAppx.B).Tousetheaverageasamodeldescription
3SinceintheendweareinterestedmainlyintheorbitalCoulombinteractionthatalreadyinvolves
screeningbyinterbandtransitions,wewildiscussdeviationsofourﬁtmodelfromab-initioresults
primarilylateroninthissectionandinAppx.C.
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Figure4.3.:ThetwomicroscopiceigenvaluesofthebareinteractionUin MoSe2. Circlesshowtheab-initiodata,whilethelinesshowtheaveragevaluesthatweusein
ourmodel.
ofthemicroscopiceigenvaluesseemsjustiﬁedbecausethedeviationsoftheab-initio
dataarelessthan10%.Besidesthat,theanisotropypresentinthevaluesofthethird
eigenvaluerendersanykindofscalarﬁtratherdiﬃcult.
HavingobtainedmodelparametersforthebareCoulombinteraction,wenowdiscuss
thescreening.Here,weonlygiveourresultsfortheinterbandscreening;otherscreening
eﬀectsarediscussedinSec.4.3. Theab-initiodataandﬁtresultsfortheinterband
screeningε1oftheleadingeigenvalueofUwithoutsubstratesarepresentedinFig.4.4.
Startingfromε1=1atq=0,thescreeningrisestovaluesε1 10uptoq∼0.5Å−1
andlowersagainforlargerq,whichlookssomewhatsimilartoadampedsinefunction.
Forq 0.6Å−1,someanisotropyinthedataisvisible. Withoursimpleﬁtmodel,we
cancorrectlydescribetheab-initiovaluesforq=0andq>0.2Å−1withinarangeof
10%,buttheshapeofthescreeningisonlyreproducedapproximately.Thesomewhat
sinoidalbehavior,i.e.theriseanddecreaseoftheab-initiovalues,cannotbefoundin
thismodelsinceitsvaluesapproachtheconstantε∞ forq∼0.4Å−1.Thepseudo-Resta
modelontheotherhandyieldsamuchbetterﬁtofthescreeningandreproducesboth
theshapeandthevaluesoftheab-initiodata. Oneimportantdisadvantageisthough
thatwelosethesimpleinterpretationoftheparametersε∞ anddthatwehaveinthe
simplemodel,whereε∞ isashort-wavelengthdielectricconstant,similartothebulk
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Figure4.4.:Fitsofthemacroscopicpartε1(q)oftheinterbandscreeninginMoSe2.
material,anddcanbeviewedasaneﬀectiveheightofthemonolayer.
Alongsidewiththeﬁtofε1,wefurtherneedtheaveragesofthetwovaluesofthescreening
ε2andε3thatbelongtothemicroscopiceigenvaluesofUanddescribemicroscopic
screeningeﬀectsoccurringlocalyinsideofthemonolayer. Thecorrespondingdatais
showninFig.4.5.ThesituationhereissimilartothemicroscopiceigenvaluesU2and
U3;thedeviationoftheab-initiodatafromtheaveragevaluesis10%orlessandisin
largepartsduetotheanisotropyintheab-initiovalues.Thisisalsothereasonwhya
scalarﬁtwouldnotleadtoimprovedresultscomparedtothesimpleaverage.Asalast
point,wenotethatthevaluesofε2∼3andε3∼2.5(seeTab.4.1)aresimilarforal
TMDCs,seethecorrespondingtablesinAppx.B.
Limitationsofﬁtmodels
Whileourtwoﬁtmodelsareingeneralasimple,yetaccuratewaytodescribethe
Coulombinteractionin2DTMDCs,theyhavesomeobviousshortcomings(seealso
Appx.C).Firstofal,theexclusionofthehalf-ﬁledbandinthecRPAcalculationson
metalicTMDCsaswelastheexclusionofdopingintheRPAab-initiocalculationson
semiconductingTMDCslimitstheapplicabilityofourmodels(seeSec.2.3.2).Sinceno
transitionsbetweentheotherelectronicbandsandthethreebandsofourWanniermodel
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Figure4.5.:Microscopicpartsε2(q)andε3(q)oftheinterbandscreeninginMoSe2.Ab-initiodataisdepictedasdots,whiletheaveragesfortheﬁtmodelareshownaslines.
areincludedinthethree-banddescription,itisonlyreasonabletoapplyourmodelin
acertainenergyrangeoflessthan∼1eV.Secondofal,theuseoftheeigenvectors
ofU(q→ 0)overthewholerangeofwavevectors,cf.Eq.(4.3),maybequestioned.
Althoughthevariationoftheab-initiovaluescomparedtotheanalyticonesis10%
orless,seeFig. C.1,aﬁtoftheeigenvectorscouldimprovetheCoulombinteraction
model.
ForthecalculationsfolowinginSec.4.4andchapter5,weofcoursedonotusethe
Coulombinteractionintheeigenbasis,butrathertheinterbandscreenedinteraction
intheorbitalbasisVαβ. Thus,welookatthediﬀerencesbetweentheresultsofour
modelsandtheab-initiovaluesinthisbasis,seeFig. C.2. Forthediagonalmatrix
elements,bothﬁtmodelsdescribetheab-initiovaluesquitewel withdeviationsofless
than±20%forq<0.6Å−1,whiletheerrorsofthesimpleﬁtareslightysmalerthan
forthepseudo-Restaﬁt. Concerningtheoﬀ-diagonalmatrixelements,thedeviations
arelargerwithlessthan±25%forq<0.6Å−1andthepseudo-Restaﬁtworksalittle
betterthanthesimpleone.Atlargeq,especialytheseoﬀ-diagonalvaluesofVαβbecome
moreanisotropicandtheerrorsofourﬁtsgetlarger,exceptforthedxy−dx2−y2matrix
element.Thisshowsthatonehastobecarefulwhenusingtheﬁtmodelsfarawayfrom
theBrilouinzonecenter.
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Intheend,themainissuethatonehastodealwithwhenchoosingwhichmodelto
employisacompetionbetweensimplicityandaccuracy.Sincewecannotguaranteethat
theresultsofourab-initiocalculationsareperfectlyaccuratetobeginwith,wehave
chosentostaywiththesimpleﬁtmodelformostresultspresentedinthisthesisand
haveforexamplenotﬁttedtheeigenvectorsofthebareinteraction.Theresultsofthe
pseudo-Restamodelwilbeshownwheneveracomparisonbetweenthetwomodelsis
deemeduseful.
4.3.Screeninginsemiconductingand metalic
systems
WhenwetalkaboutthescreeningoftheCoulombinteractioninthisthesis,wedistin-
guishthreediﬀerentscreeningmechanisms:
•Interbandscreeningthatisduetothemicroscopicpolarizabilitygivenbytran-
sitionsbetweendiﬀerentelectronicbandsalreadyintheisolatedsemiconducting
andundopedlayer.SeeEqs.(4.7)and(4.10).
•Substratescreeningduetothedielectricenvironment;thiscanbemetalic.See
Eq.(4.9).
•Metalicscreeninginsidethemonolayerduetoapartialyﬁledconductionband.
SeeEq.(2.50).
Onlytheinﬂuenceoftheinterbandscreeningwasdiscussedintheprevioussection.Here,
wedescribetheothertwoscreeningchannels.
InFig.4.6,weshowthefulbackgroundscreening,i.e.,thecombinationoftheinterband
screeningandthesubstratescreeningaccordingtoEq.(4.8),fordielectricconstants
εsub=1,5,10,50,∞ oftheencapsulatingenvironmentassketchedintherightpart
oftheﬁgure.Onecanseethattheinﬂuenceoftheenvironmentismostimportantfor
smalwavevectors.Atq<0.2Å−1thebackgroundscreeningε1(q)islargelydetermined
bythedielectricenvironment;forverylargewavelengthsq→0,itissolelydetermined
bythesubstrates,i.e.,ε1(q→0)=εsub.Oneimportantpointhereisthatthescreening
insidethelayercanbemetalic,ε1(q→ 0)→ ∞,solelyduetoametalicenvironment
andwithoutthemonolayeritselfbeingmetalic. Withincreasingq,thebackground
screeninginourmodelapproachesthematerialspeciﬁcconstantε∞. Atq>0.6Å−1,
thesubstrateshavenearlynoinﬂuence,ε1=ε∞. Thisbehaviorofthescreeningfor
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Figure4.6.:(Left) Macroscopicscreeningfordiﬀerentdielectricenvironmentsof MoSe2.(Right)Sketchofthemodelsituationforourcalculations.
smalandlargewavewectorscanbeintuitivelyunderstoodifoneconsidersthefactthat
forsmal wavevectors,i.e.,largedistances,mostoftheelectricﬁeldlinespassthrough
thesurroundingand,thus,thescreeningisdeterminedbythedielectricenvironmentof
themonolayer,cf.Fig.4.1;forlargewavevectors,thechargesareclosetogetherand
thematerialitselfdeterminesthescreening.
Ifwefurthertakeintoaccountthescreeningbyconductionelectronsinsidethematerial,
weﬁndthatthescreeningdivergesatsmalwavevectorsqinal metaliccases,seeFig.
4.7.Inthecaseofhighelectrondopingconcentrationsthescreeningisstronglyenhanced
comparedtotheothercases.Itapproachesaconstantlevelthatishigherthanε∞ for
wavevectorsq >0.5Å−1,whileitdivergesforsmalerq. Forlowelectrondoping
concentrations,wecanidentifythreediﬀerentranges. Atq 0.4Å−1,thescreening
isclosetoε∞ andbasicalynotinﬂuencedbytheconductionelectrons. Forsmaler
wavevectors0.2 q 0.4Å−1,theadditionalscreeningbytheconductionelectronsis
strongerthanε∞ butweakerthanthescreeningbyafulymetalicenvironment.Below
q∼0.2Å−1,thescreeningbytheadditionalconductionelectronsbecomeseﬀectiveand
isstrongerthanthemetalicsubstratescreening.
Finaly,weshowtheorbitaldependentonsitevaluesinrealspaceofthebareandscreened
CoulombinteractioninMoSe2inTab.4.2(seeAppx.BforthevaluesofotherTMDCs).
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Figure4.7.:MacroscopicscreeninginMoSe2withvacuumandmetalicsurroundingaswelaslow(x≈0.02)andhigh(x≈0.17)electrondopingwithvacuumsurrounding.
ThevaluesarecalculatedusingaFouriertransformation4oftheorbitalvaluesink-space
whichareobtainedinthewaydescribedinSec.4.2.1withtheadditionofEq.(2.51)for
thedopedmetaliccase.Onecanclearlyseethattheinclusionofinterbandtransitions,
i.e.,ofthescreeninginthesemiconductinglayerreducesthebareinteractionbyafactor
of6to7. ThecorrespondingmatrixelementsVareingenerallargerforthesulfur
compoundsthanfortheseleniumcompounds,seeAppx.B,whilenoobviousdependence
onthetransitionmetalisobservable.Ifwegotothemetaliccaseandincludescreening
bytheadditionalconductionelectrons,theonsiteinteractionisfurtherreducedbya
factorof2to3. Asasideremark,wementionthatthelocalexchangeinteractionis
∼0.25eVbetweendz2andoneoftheotherorbitalsand0.15eVbetweendxyanddx2−y2
foral TMDCsconsideredinthisthesis(seeTab. B.11),i.e.,itisinsensitivetoboth
materialcharacteristicsandscreening.
Lastly,wecomparetheonsiteinteractionintheTMDCstotheonsiteinteractionin
graphene. Similarcalculationstothosedescribedhereledtovaluesof17eVforthe
bareinteractioningrapheneand9.3eVfortheinteractionthatincludesscreeningbyal
bandsbuttheπ-bands[34].Thebandwidthoftheπ-bandsingrapheneisontheorder
of3t=8.1eVwiththehoppingt=2.7eV[9]. Consideringthebandwidthofabout
4Sincewediscussonlyonsitevalues,whichmeansthatthecorrespondingrealspacevectorisR=0,
theFouriertransformsimpliﬁestoanaverageofalreciprocalspacevalues.
4.4. PlasmonsandEELS 73
Table4.2.:BareonsiteUaswelasbackgroundscreenedonsiteVandfulyscreenedonsite
CoulombmatrixelementsW forthethreeimportantorbitalsof MoSe2. ValuesforW areintherangeoflowelectrondopingx≈0.03intheﬁfth(Wlow,Kis
occupied)andforhighelectrondopingx≈0.17inthelastcolumn(Whigh,Kand
Σareoccupied).
bare undoped doped
orbitals U(eV) V(eV) Wlow(eV) Whigh(eV)
dz2 dz2 8.95 1.41 0.77 0.56
dz2 dxy 8.11 1.14 0.52 0.33
dz2 dx2−y2 8.11 1.14 0.52 0.33
dxy dxy 8.72 1.35 0.75 0.55
dxy dx2−y2 8.34 1.20 0.60 0.40
dx2−y2 dx2−y2 8.72 1.35 0.75 0.55
1.6eVforthelowestconductionbandofMoSe2,seeFig.3.4,wecanconcludethatthe
relationbetweenthe(partialy)screenedCoulombinteractionandthebandwidthison
theorderof1inboththeTMDCsandgraphene.
4.4. PlasmonsandEELS
Plasmonsarequasiparticlesdescribingcolectiveexcitationsoftheelectronsinamate-
rial;theymaybethoughtofasoscilationsofthechargedensity.Theyaregivenbythe
rootsofthedielectricfunctionε(q,ω),seeEq.(2.50). Whiletheplasmondispersionis
determinedby
Re[ε(q,ω)]=0 (4.13)
fordampingratesthataremuchsmalerthantheplasmonicfrequencyωp,wealso
needtheimaginaryparttobezerotohavealong-livedplasmonicmode;otherwise,the
imaginarypartdeterminesthelifetimeoftheplasmon.Inthefolowing,weplotthe
ElectronEnergyLossSpectrum(EELS)toshowtheplasmondispersions,
EELS(q,ω)=−Im 1ε(q,ω), (4.14)
sinceitcanbemeasureddirectlyinexperiments[162]andshowsplasmonic,butalso
single-particleresonancessuchaselectron-holeexcitations. Weusethemacroscopic
valueofthedielectricfunctionε,i.e.,thelargesteigenvaluewithrespecttothebare
Coulombinteraction,seeEq.(4.4).
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Dependingonthedimensionalityofthesystem-and,thus,theq-dependenceofthe
Coulombinteraction,cf.Sec.4.1andEq.(2.47)therein-theplasmondispersionbe-
havesdiﬀerentlyalreadyonthegenerallevelofnonmaterial-speciﬁc,bareinteraction.
Inthelong-wavelengthlimitq→ 0,theplasmonshavenodispersionandaﬁnitefre-
quencyωpin3D,whiletheyfolowasquarerootdispersionin2Dandalineardispersion
in1D;seeforexample[163].Fora2Delectrongasinthislimit,thedispersionis
ωp(q)= 2πe
2
m q (4.15)
whichwewilﬁndasalimitinthenumericalresultspresentedlateroninthissection.It
has,forexample,alsobeenfoundintheoreticalinvestigationsofdopedgraphene[164].
Asasidenote,weremarkthattherecanbemultipleplasmonmodesintheelectrongasof
layeredmaterials;dependingontheout-of-planewavevectorqz,theyfolowdispersions
thatliebetweenthesquarerootdispersionandaconstantfrequency[165,166].
Plasmonicresonancescanbeutilizedindiﬀerentways,andsurfaceplasmonsofbulkma-
terialshaveanespecialyhighandlongdiscussedpotentialforopticalsensingandthe
characterizationofthinﬁlmsandinterfaces[167].Lately,theapplicationofplasmons
inthecontextofinformationtechnologyandelectronics,caledplasmonics,hasbeen
amajorpointofresearch[168].Plasmonicsingraphenehaveattractedalotofatten-
tionsincetheplasmondispersioninthismaterialcanbetunedviadopingandelectric
ﬁeldgating[169–171]. Anotherinterestingtopicisthat,becauseoftheirlowenergies
in2D,plasmonmodesmightbebeneﬁtialforplasmon-mediatedorplasmon-assisted
superconductivity,seeforexample[166,172–174].
Variouswaysarepossibletocalculatetheplasmondispersion;here,weuseRPAto
obtainthedielectricfunctionfromourthree-orbitalmodelsfortheCoulombinterac-
tionandtheelectronicpropertiesofthetheTMDCs. Thismeansthatweinclude
onlyLandaudampingwhichoccursduetotheexcitationofsingleparticle-holepairs;
otherdampingeﬀectslikeelectron-phononorelectron-electronscattering,[175,176],
arenotexplicitlyincluded. However,theﬁnitebroadeningηintheequationforthe
RPA/Lindhardpolarization,Eq.(2.53),amountstoaphenomenologicaldescriptionof
theseprocesses.5
Inthefolowing,wepresenttheresultsfortheEELSofdopedsemiconductingand
metalicTMDCs,withafocuson MoSe2andNbS2,respectively. Weshowhowthe
5Weuseavalueof η=1meV.
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plasmondispersionsdependonbothelectrondopingandthedielectricenvironment.
Notethatwedidnotincludespin-orbitcouplinginourcalculations,whichcanbea
severelimitationdependingontheeﬀectonewantstodiscuss[71].
4.4.1. Dopedsemiconductors
TheplasmonicdispersionsofsemiconductingTMDCshavebeeninvestigatedbefore
[71,177,178],butsofarothermaterialsthan MoS2havereceivedlittleattentionand
theinﬂuencesofsubstrateshavenotbeeninvestigated. Here,weimproveonthisby
explicitlydiscussingtheeﬀectsofsubstratesandbycalculatingtheEELSofalfour
semiconductingTMDCsdiscussedinthisthesis.First,welookattheEELSfordoped
MoSe2alongthehighsymmetrypaththroughtheBrilouinzone(seeFig.3.3).In
Fig.4.8,weconsiderlowandhighdopingconcentrationsandnosubstrates,similarto
Fig.4.7.Forlowdopingconcentration,whereonlytheK-valeyintheelectronicband
structureisoccupied,onecanidentifyavarietyoffeaturesintheenergyrangebelow
0.5eV.Thecontinuumofelectron-holeexcitationshasminimalpositionswithω=0at
q=Γandq=K,whileitreachesitsmaximumbetweenΓandMandhastwoseperate
branchesatΣ. Aplasmondispersionisvisibleforverysmal wavevectorsaroundΓ
withenergiesbelow0.2eV.Itapproachesthecontinuumratherrapidlywithincreasing
q.Athighdopingconcentration,wheretheK-andtheΣ-valeyinthebandstructureare
bothoccupiedbyelectrons,alotoftheotherfeaturesoftheEELSgetblurredwhilethe
plasmondispersionbecomesmorepronounced.Folowingtheinitialsquarerootriseat
verysmalq,ithasaﬂatshapewithω 0.5eVandentersthecontinuumatq 0.3M
andq 0.5Σ.Inadditiontotheblurring,somenewfeaturesalsoappearintheEELS.
Theelectron-holecontinuumhasonebranchwithverylargeenergyaroundΣandone
withaconstantenergyω 0.3eVaroundK.
Next,wepresentthedependenceoftheplasmonicdispersionondopingaswelassub-
stratescreeningforthepathΓ→Σ,seeFig.4.9. Weobservethattheplasmondispersion
isstronglytuneablebydopingandthedielectricenvironment.Boththeshapeandthe
energycanbevaried.Ingeneral,onecanseethatanincreasingdielectricconstant
pushesthedispersionintothecontinuum,i.e.,theinitialriseforsmalqislesssteepand
theoveralshapeislessdiﬀerentfromalinearfunction.Ontheotherhand,increased
electrondopingalsochangestheshapeofthedispersionandleadstoaraiseofthemaxi-
mumplasmafrequencyfrombetween0.1and0.2eVatx=0.02toapproximately0.5eV
atx=0.17.Inalcases,noclearplasmondispersioncanbeidentiﬁedforq>0.5Σ.
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Figure4.8.:EELSforMoSe2withoutsubstratefordopingconcentrationsx=0.02(Top)andx=0.17(Bottom).Thecolorscaleislogarithmic.
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Figure4.9.:EELSforMoSe2withdopingconcentrationsx=0.02(Top),x=0.05(Middle)andx=0.17(Bottom)andsubstratedielectricconstantsε=1(Left),ε=5
(Middle)andε=50(Right).Thecolorscaleislogarithmic.
Asalaststep,wecomparetheEELSforMoSe2,MoS2, WSe2and WS2,seeFig.4.10.
Weusethepath Γ→ Kandconsiderthecaseofelectrondopingx 0.09,where
bothvaleysareoccupied,andvacuumsurrounding.Thefourmaterialsalhavesimilar
features,suchasaplasmonfrequencyatω 0.4eV,butthespeciﬁcshapeoftheplasmon
dispersionandtheelectron-holecontinuumaresubjecttochanges.Onecanseethatthe
dispersionsaresimilartothebare2Dsquarerootdispersioninalcases,seeEq.(4.15).
ForMoSe2,itsfrequencystaysaround0.4eV,whileitundergoesarisetonearly0.6eV
fortheotherthreematerials.TheEELSalsohavesomestructurebeyondtheplasmon
dispersions.AroundtheΣpoint,theelectron-holecontinuumissplitupintothree(two
for WS2)regimeswithlargerintensities,shownbythegreencolorinthelogarithmic
colorscale,andtwo(one)intermediatefrequencyregimeswithlowerintensities. The
splittingofthetwolowerregimeswithlargerintensityisnotclearlyvisibleforMoSe2,
whileitissimilarforMoS2and WSe2andmostpronouncedfor WS2.
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Figure4.10.:EELSforTMDCsMoSe2(Topleft),MoS2(Topright), WSe2(Bottomleft)andWS2(Bottomright)forelectrondopingx 0.09withoutsubstrate.Thecolorscaleislogarithmic.
4.4.2. Metals
TheplasmonicspectraofseveralmetalicTMDCshavebeeninvestigatedbeforeinRef.
[179].Furthermore,apossibleinﬂuenceofchargeorderontheplasmondispersionhas
beenstudiedconcerningNbSe2[180],NbS2[181]andothermetalicTMDCssuchas
TaS2[182].Here,wedonotincludechargeorder(seeSec.5.4)anditseﬀects,andwe
alsoomittheeﬀectsofdopingthatwelookedatintheprevioussection,althoughthey
canbeimportantinmetalicTMDCs[183].However,weincludetheeﬀectsofdielectric
substrates,whichhavenotyetbeeninvestigatedformetalicTMDCs.
First,weshowtheEELSalongthefulhighsymmetrypathforundoped,half-ﬁled
NbS2andNbSe2withvacuumsurroundinginFig.4.11. Distinctsquarerootshaped
plasmondispersionscanbeobservedinbothcases.NbS2hasalargerplasmonfrequency
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Figure4.11.:EELSforNbS2(Top)andNbSe2(Bottom)withoutsubstrate.Thecolorscaleislogarithmic.
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Figure4.12.:PlasmondispersionsforNbS2andNbSe2asobtainedbyAndersenetal.inRef.[179].Thescaleofthex-axisisq(Å−1).
ω 0.8eVandlargerslopeofthedispersion.InNbSe2,thedispersionhasamore
constantshapewithω 0.8eV.DuetotheFermisurfacesandhalfﬁling,theelectron-
holecontinuumhasnodistinctbranchesasinthecaseofthedopedsemiconductors,and
itsshapebasicalyfolowsthebandstructureofthehalf-ﬁledband6,cf.Figs.3.9and
3.10.
Toverifyourmethod,wecomparetheEELSforNbS2andNbSe2asobtainedfromour
RPAcalculations,seeFig.4.11,totheplasmonspectraobtainedbyAndersenetal.,see
Fig.4.12.Onecanseethattheinitialsteepriseoftheplasmondispersionaswelasthe
generalshapearesimilar.Furthermore,bothcalculationsﬁndalargewave-vectorrange
withanonlyslightlydispersingplasmonfrequencywhichliesabove0.8eV(NbS2)and
around0.8eV(NbSe2).Thediﬀerencebetweenthetwomaterialsismorepronouncedin
ourresultsthanintheonesbyAndersenetal.TheyclaimthatthedispersionsfromΓ
toMandfromΓtoKareverysimilar,whichwedonotseeinthecaseofNbSe2.The
constantorevennegativedispersionthattheyﬁndforthismaterialisonlyobtainedin
thedirectionfromΓtoKinourresults.
Asalaststep,welookatthechangeoftheplasmondispersionalongΓ→ KinNbS2
withdiﬀerentsubstratedielectricconstantsandcomparetotheresultsforthepseudo-
RestamodelofEqs.(4.11)and(4.12).FromFig.4.13,onecanseethattheshapesof
bothﬁtmodelsarediﬀerentinasmalrangeifnosubstrateisincluded,butthattheir
frequenciesareverysimilar. Thepseudo-Restamodelyieldsaratherdispersionless
mode,whilethesimplemodelhasanon-vanishingslope.Furthermore,thepreviously
discussedfactthatthedielectricenvironmentpushesthedispersionintothecontinuum
6Thebandwidthisapproximately1.2eVinNbS2,whileitislessthan1eVinNbSe2.
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Figure4.13.:EELSforNbS2withsubstratedielectricconstantsε=1(top),ε=5(middle)andε=50(bottom).Ontheleftside,weshowtheresultsforthesimpleﬁtto
theCoulombinteraction,whileontherighttheresultsforthePseudo-Restaﬁt
areplotted.Thecolorscaleislogarithmic.
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canbeobservedhere,too.Forthepseudo-Restamodel,thishappensfasterwiththe
dispersionnotbeingdistinguishablefromthecontinuumforalargedielectricconstant
ε=50.
5.Electronicinstabilitiesin
two-dimensional materials
Whenwetalkaboutinstabilitiesinthisthesis,wealwaysdiscusstheinstabilityof
theconductionelectronstowardstheformationofalong-rangeorderedphase.Inthe
ﬁeldof2DmaterialsandespecialyTMDCs,severalexamplessuchassuperconductivity
[22,28],ChargeDensity Wave(CDW)phases[16,23]andSpinDensity Wave(SDW)
phases[184]havebeenivestigatedsofar. Otherexamplesinlayeredmaterialsinclude
thehigh-temperaturesuperconductivityandtheMotttransitionfrommetaltoinsulator
inthecuprates[97].TheMotttransitionwasalsoexperimentalyobservedfor1T-TaS2
[19]andclaimedtooccurinmonolayer1T-NbSe2[185].Here,welookatconventional
superconductivityintheTMDCs(Sec.5.1)andfunctionalizedgraphene(Sec.5.2),as
welaspossibleunconventionalsuperconductivityinMoS2(Sec.5.3)andatCDWand
SDWformationintheTMDCs(Sec.5.4).
Fromatheoreticalpointofview,ithasoftenbeenarguedthatsuperconductivityisnot
possibleintwo-dimensionalmaterials.Thisisduetotheso-caledMermin-Wagnerthe-
oremwhichstatesthatintwoorlessdimensions,nospontaneousbreakingofcontinuous
symmetriesatﬁnitetemperaturesispossible.1Thismeans,asHohenbergshowed[187],
thatsuperconductivityorlong-rangecrystalineordercannotexistinstrictlytwoorless
dimensions.
Severalreasonscanbestatedforwhysuperconductivityandotherlong-rangeorder
canindeedexistin2D;wegivetwoarguments.Firstofal,althoughthesystemsat
handaremostlytreatedasbeingeﬀectivelytwo-dimensionalinourcalculations,they
arenotpurelytwo-dimensionalinthesensethattheyhaveacertainheightduetothe
distancebetweenthechalcogenatomsandthetransitionmetalatomsorthehydrogen
atomsandthecarbonatoms,respectively;furthermore, monolayersof2Dmaterials
oftenexhibitacrumblinginthez-direction[149]. Secondly,evenifthesystemsare
1Merminand Wagneroriginalyshowedthatnolong-rangeferromagneticorantiferromagneticorder
canexistintheHeisenbergmodelintwodimensions[186].
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purelytwo-dimensional,i.e.,alsonotsupportedbysubstrates,andlonge-rangeorderis
suppressedbythermalﬂuctuations,theycanexhibitquasi-long-rangeorderintheform
ofaBerezinski-Kosterlitz-Thoulesstransition[188,189].Thiscan,forexample,leadto
asuperconductingstatewithaloweredcriticaltemperature[36].
Aspointedoutbefore,animportantaspectthathasnotbeeninvestigatedindetailin
theexistingliteratureistheinﬂuenceoftheCoulombinteractionontheinstabilities.In
thefolowingdiscussionontheTMDCs,weaimatimprovingthissituationandusethe
material-realisticCoulombinteractionasderivedinthepreviouschaptertocalculate
realisticvaluesfortheeﬀectiveCoulombrepulsionanditsinﬂuenceonthesupercon-
ductingphase,thechargeorderedphaseandthespinorderedphase.Byinvestigating
thisinﬂuenceandadditionalytakingtheinteractionbetweenelectronsandphonons
intoaccount,webuildupadatabasefortheTMDCs,similartotheplainvaluesofthe
Coulombinteractionandtheplasmondispersiondiscussedintheprevioussection.
5.1. ConventionalsuperconductivityinTMDCs
TheessentialingredienttoasuperconductingphasearetheCooperpairswhichare
formedbytwoelectronsasdescribedinSec.2.6andFig.2.4. Whenusingtheterm
conventionalsuperconductivitywemeanthatthebindingresponsibleforthispairforma-
tionismediatedbytheinteractionofelectronsandphonons.Totheoreticalydescribe
thisinteractionweuseDensityFunctionalPerturbationTheoryforthelatticedynamics
andEliashbergtheoryforthesuperconductingphase,seeSecs.2.5.2and2.6.2,respec-
tively.Atﬁrst,wediscussthephononicpropertiesoftheTMDCsusingtheexamplesof
MoSe2andNbS2.Afterwards,wetakealookattheelectron-phononandtheelectron-
electroninteractionandﬁnalycharacterizethesuperconductingphaseviatheresults
forthecriticaltemperature. Wementionthatthephononcalculationspresentedinthis
sectionarefulyab-initio,whichmeansthattheyincludebandstructurechangesbeyond
rigidshiftsonaDFTlevel.
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5.1.1. Phonons
TheTMDCshaveunitcelswiththreeatomswhichresultsinninediﬀerentphononic
modes.Threeofthesemodesareacoustic,whichmeansthattheyhavezerofrequency
ωforvanishingwavevectorsq→ 0,whiletheothersixhaveopticalcharacterwith
higherfrequenciesaccordingtoSec.2.5.1. Twooftheacousticmodesstemfromin-
planelongitudinalortransversalvibrations(LAandTA).Atsmal wavevectors,they
havealineardispersionandalargerenergythanthethird,quadraticmode(ZA)that
stemsfromtheout-of-planemotion.Aswewilseelateron,theseacousticmodeshave
thelargestinﬂuenceonthesuperconductingandCDWpropertiesofthematerialsat
hand. Wewilalsoseethattheirdispersioncandependstronglyontheelectrondoping
level.
Inthemetalicregimesuponelectrondoping(semiconductingTMDCs)orathalfﬁling
(metalicTMDCs),thephonondispersionscanbecomeimaginaryatwavevectorsaway
fromq∼0.Theseimaginaryfrequenciesareshownasnegativefrequenciesinthegraphs
thatweplot.TheyaresignsofalatticeinstabilityorCDWphase,whichwediscussin
Sec.5.4.1.
AsonecanseefromthecorrespondingﬁguresinAppx.BandFigs.5.1and5.2,the
phonondispersionsofthesemiconductingormetalicTMDCs,respectively,arerather
similar. Despitethefactthattheinstabilityoccursatdiﬀerentwavevectorsinthe
dopedsemiconductingandthemetalicmaterials,seeSec.5.4.1,themaindiﬀerenceis
themagnitudeofthefrequencies.Ingeneral,lighteratomsleadtohigherfrequencies,
seeSec.2.5.1andEq.(2.69);thus,forexample, WSe2hassmalerfrequenciesthan
bothWS2andMoSe2becausemolybdenumislighterthantungstenandsulfurislighter
thanselenium.Thistrendcanbeseenforal materials.
Semiconductors
ThephononicdispersionsofsemiconductingTMDCshavepreviouslybeencalculated
inRef.[191]for MoS2and WS2andinRef.[190]for MoSe2. Electrondopingin
MoS2anditseﬀectonthephononshasbeeninvestigatedinRefs.[192,193].Forthe
othersemiconductingTMDCstheeﬀectsofelectrondopingonthephononsarestudied
herefortheﬁrsttime. WelookmostlyattheexampleofMoSe2andshowthephonon
dispersioninFig.5.1.
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Figure5.1.:PhononicdispersioninundopedMoSe2fromourDFPTcalculations.Theanno-tationsindicatethecharacterofthecorrespondingvibrationsorRamanmodes,
[190].
Thethreeacousticmodesreachtheirmaximumfrequencyat∼115cm−1fortheTA
mode, ∼133cm−1fortheZAmodeand∼156cm−1fortheLAmode.2 Theoptical
phononsarewelseperatedfromtheacousticoneswithtwodistinctgroupsathigher
frequencies.EspecialytheE”andE’Ramanmodes[190]havearatherﬂatdispersion;
theyaredegenerateatq=0withfrequencies∼162cm−1and∼275cm−1,respectively.
Theothertwoopticalmodes,caledA’1andA”2,aretheonlymodeswithanegative
dispersion,i.e.,lowerfrequenciesforlargerwavevectors.Theyhavefrequenciesinthe
rangeof∼195cm−1to∼240cm−1and∼285cm−1to∼345cm−1,respectively.
Uponelectrondoping,theLAphononmodesoftensstronglyandeventualybecomes
unstablewithimaginaryfrequenciesaroundtheMpoint(seeFigs.5.3and5.16).Partsof
theotherphononmodesalsoexperienceaweakersoftening.Thesesoftenedorimaginary
frequencieswilbediscussedinmoredetailinSecs.5.1.2and5.4.1.
2IfonewantedtorepresentthesephononsbyasingleEinsteinfrequencyforlargewavevectorsina
Hubbard-Holsteinmodel,apossiblechoicewouldbetousethe∼16.5meVoftheZAmode,since
thismodeistheleastnormalizedbytheelectrons.
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Figure5.2.:PhononicdispersioninundopedNbS2.
Metals
WhileNbSe2anditsphonondispersionhavebeeninvestigatedbeforebothinthebulk
andinthemonolayer,[194],thephonondispersioninNbS2hassofaronlybeenstudied
forthebulkmaterial[195]asfarasweknow. Thus,wefocusonNbS2andgiveits
phonondispersionasobtainedfromDFPTcalculationsinFig.5.2.
AdistinctfeatureinthephonondispersionsofNbSe2(seeFig.B.3)andNbS2arethe
imaginaryfrequenciesbetweenΓandMwhichstemfromastronglysoftenedacoustic
mode. TheyareasignofalatticeinstabilityasdiscussedinSec.5.4.1. Theacous-
ticphononsarewelseperatedfromtheopticalbandsandhavefrequenciesofupto
∼205cm−1(TAmodeatKpoint).Theopticaldispersionsdonotfalintotwogroups
asitwasthecasefor MoSe2.Instead,theyliebetween∼220cm−1and∼410cm−1,
wheretheminimalfrequencyresultsfromabandthatissoftenedsimilartothesoftened
acousticband.Atq=0theopticalphononshavetwodegeneratebandsat∼235cm−1
and∼335cm−1,respectively,andtwonearlydegeneratebandsaround∼400cm−1.
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Figure5.3.:Phononicdispersion,DOS[seeEq.(2.82)]andα2F[seeEq.(2.81)]forMoSe2underelectrondopingx=0.08.
5.1.2.Electron-phononinteraction
Superconductivityinmonolayerandfew-layerTMDCshasexperimentalybeeninvesti-
gatedbyseveralgroups[11,22,23,26,28,36],whilethetheoreticaleﬀorttounderstand
theelectron-phononinteractionresponsibleforthesuperconductingphasehasfocussed
onmonolayerMoS2[192,193].Here,westudyagainthecaseofamonolayerofMoSe2
underelectrondoping. Theresultsforthephonondispersion,thephononicDOSand
thespectralfunctionα2Fthatquantiﬁestheelectron-phononinteraction[seeEq.(2.81
andSecs.2.5.3and2.6.2]areshownforanexamplarydopingofx=0.08,i.e.,above
theLifshitztransition,inFig.5.3.
WhencomparingtothephonondispersionofpristineMoSe2inFig.5.1,onecansee
anoveralsofteningofthephonondispersiontowardslowerfrequenciesatseveralwave
vectors.Theacousticphononsnowliewelbelow150cm−1sincetheadditionalelectrons
havethestrongesteﬀectontheLAmodearoundtheMpointwithachangeofmore
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Figure5.4.:Frequency-dependentelectron-phononinteractionλ(ω)inMoSe2atelectrondop-ingx=0.08obtainedbysettingtheupperboundaryoftheintegrationinEq.
(2.83)toω,whichisequaltosettingn=ninEq.(2.99). Forω→ ∞,the
interactionisequaltothevalueofλ=2.03enteringtheAlen-Dynesequation,
seeTab.5.3.
than100cm−1.TheTAmodealsosoftens,butaroundtheKpoint,whiletheZAmode
isunaﬀected.Theopticalphononsarestilsplitupintotwosubsetsbutpartlysoftened.
WhileboththeE” modesandtheA”2modearebasicalyunchanged,theA’1mode
softensatq=0andtheE’modessoftenaroundq=M.
InthemiddlepanelofFig. 5.3,weseethephononicdensityofstates. Thereare
severalpeaksaround100cm−1,200cm−1and275cm−1whichcorrespondtoﬂatregions
inthedispersion.Therightpanelshowsthecorrespondingvaluesoftheelectron-phonon
spectralfunctionα2F,seeEq.(2.81).Sincethisfunctionincorporatesboththephonon
DOSaswelastheelectron-phononinteraction,wecannowdistinguishbetweenthe
inﬂuencesofthesetwoquantities. Weseethatα2Fhasconsiderablevaluesof0.5and
lessaroundthemaximaoftheacousticphononsand,lesspronounced,intheoptical
regionbetween200cm−1and300cm−1wheretheDOSofthephononsislarge. This
canbeseenasaDOSeﬀectwhichmeansthattheelectronscoupleratherweaklytothe
ZAandTAacousticmodesaswelastheopticalmodes.However,wecanalsoidentify
averystrongcouplingtothesoftenedLAmodebelow50cm−1aroundMwithvalues
exceedingα2F∼3.SincetheDOSinthisregionisratherlow,thiseﬀectiscausedby
astrongelectron-phononinteraction.
Forabetterjustiﬁcationofandmoreinsightintotheclaimsinthelastparagraph,welook
atthefrequency-dependentelectron-phononinteractionλ(ω),whichistheintegrated
weightofthespectralfunctionα2F(ω).Inthiswaywecandistinguishbetweenthe
contributionsatdiﬀerentfrequenciestothefuleﬀectiveelectron-phononinteractionλ.
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Table5.1.:Electron-phononcouplingλ[seeEq.(2.83)]andphononfrequencyωlog[seeEq.
(2.103)]inelectrondopedTMDCsbelow,directlyatandabovetheLifshitztransi-
tion.Notethatthevaluesofthedopingxfordiﬀerentmaterialsarenotnecessarily
comparable.
Material MoS2 MoSe2 WS2 WSe2xbelow 0.05 0.05 0.02 0.03
λbelow 0.40 0.43 0.26 0.42
ωlog,below(cm−1) 183 118 148 85
xat 0.075 0.08 0.05 0.05
λat 0.78 2.03 0.65 0.98
ωlog,at(cm−1) 151 50 121 62
xabove 0.087 0.09 0.08 0.08
λabove 1.05 CDW 1.20 CDW
ωlog,above(cm−1) 134 CDW 97 CDW
FromtheresultsinFig.5.4,weseethatthemaincontribution,whichalreadyamounts
tomorethanthreequartersofthefulλ,isgivenbythesoftenedphononmodewhich
liesslightlybelow50cm−1forx=0.08. Mostoftherestoftheeﬀectiveinteraction
comesfromtheacousticmodesintheirﬂatregionabove100cm−1.Finaly,about5%
ofthefulλresultsfromthecouplingtoopticalphononsathigherfrequencies.
ThestrongcouplingtotheLAmodearoundthe Mpointthatsoftensuponelectron
dopingcanbeunderstoodwhenwelookattheFermisurfaceofdopedMoSe2inFig.
3.7.OncetheLifshitztransitionhasoccurred,aphononmodewithwavevectorMcan
connectFermipocketsaroundKandΣaswelastwoΣpockets.Thissituationissimilar
totheso-caled(partial)Fermisurfacenestingthatwasoftenlinkedtotheformationof
CDWs[196].
Wenowlookattheevolutionoftheelectron-phononinteractionwithdopingforthe
semiconductingTMDCs.InTab.5.1,weshowthevaluesbelow,approximatelyat,
andabovetheLifshitztransitionfortheaveragedinteractionλ[seeEq.(2.83)]andthe
typicalphononfrequencyωlog[seeEq.(2.103)]thatarepartoftheAlen-Dynesequation
[seeEq.(2.106)]whichweusetocalculatethecriticaltemperatureofsuperconductivity
inSec.5.1.4. Oneagainseesthatthephononfrequencydependsonthemassofthe
atomsinvolvedwhichmeansthatMoSe2hasalowerfrequencythanMoS2andWSe2has
alowerfrequencythanMoSe2atlowdoping,i.e.,onlyweaksoftening.BelowtheLifshitz
transition,thecouplingisλ∼0.4orlesswhichresultsinavanishingcriticaltemperature
(seeTab.5.3).Oncethetransitiontakesplace,thereisastrongenhancementofλto
valuesaboveλ∼1.0whichshowsthatweneedatheorythatisabletotreatstrong
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couplingsuchastheEliashbergtheory.Thetypicalfrequencyisshiftedtowards0cm−1.
Fortheselenidematerials,thelatticeinstabilityoccursalreadybelowx∼0.1which
meansthatthecalculationofωlogisnotpossibleduetotheﬁnitevaluesofα2Fat
negative,i.e.,imaginaryfrequencies.3TheLifshitztransitionoccursatlowerdopingin
thetwotungstenmaterialssincethevaleysaroundKandΣareclosertogetherinenergy
inthesematerialsandtheshiftoftheΣ-valeyupondopingisstronger(aspredicted
fromourDFTcalculations)4.
5.1.3.InﬂuenceofCoulombinteraction
Althoughsuperconductivityhasbeenaroundformorethanahundredyears,theroleof
theCoulombinteractioninthisﬁeldisstilfarfrombeingfulyunderstood.Besidesthe
possibilitytogetanunconventionalsuperconductingphasepurelyfromtheCoulomb
interactionbetweentheelectrons,whichleadstoanorderparameterwithlowersymme-
trythanthestandards-wave(see,forexample,Sec.5.3and[197]),theinteractioncan
bothenhanceandsuppressthecriticaltemperatureintheconventionalelectron-phonon
superconductivity[198]. Here,wefocussontheCoulombrepulsionwhichreducesTc
intheformalismofEliashbergtheory(seeSec.2.6.2).Thepossibleenhancementhas
alsobeenasubjectofrecentresearch[199],includingdiscussionsofthedynamic,i.e.,
plasmonicpartoftheCoulombinteraction[173,174].
InstandardBCStheory,theCoulombrepulsionisonlyimplicitlyincludedintheeﬀec-
tiveattractionoftheelectrons(seeSec.2.6.1). Moreadvancedtreatmentsofphonon-
mediatedsuperconductivityusetheEliashbergtheory,oftenintheAlen-Dynesapprox-
imation(seeSec.2.6.2),andusualyincludetheCoulombrepulsionviatheeﬀective
Morel-Andersonconstantµ∗,seeEq.(2.104)and[114].Thisconstantcanbeobtained
inseveralwayssuchasﬁtstoexperimentalvaluesforthecriticaltemperature.Inalot
ofcases,itissimplyassumedtohaveacertainvaluebetween0.1and0.2,e.g.µ∗=0.13
[81,116,192].Otherstudiesincludingcalculationsofµ∗alsoﬁndvaluesinthisrange,
seeforexampleRefs.[200–202]. Weaimatabetter,material-realisticandspeciﬁc
descriptionoftheeﬀectiveCoulombrepulsionforthemonolayerTMDCswhichisnot
availableyet.Tothisend,weperformcalculationsfortheaveragedCoulombinteraction
µ[seeEq.(2.100)]fromab-initiodataviaourownRPAcodewhichusestheCoulomb
3SincethisisalsothecasefortheundopedmetalicTMDCs,wehavenotdiscussedtheelectron-phonon
couplinginNbS2andNbSe2.4ThiseﬀectcanalsobeseenfromFig.3.8wheredopingisincludedonlyasarigidshiftoftheFermi
level.
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Figure5.5.:DependenceoftheaveragedCoulombrepulsionµontheelectrondopingconcen-
trationx,subjecttovariousεsubofthedielectricenvironment.
interactionpresentedinthepreviouschapter.5Thepartsofourresultsthatshowonly
dataforMoS2havealreadybeenpublishedbytheauthorinRef.[159].
Firstofal,weuseEq.(2.100)tocalculatetheeﬀectiveCoulombcouplingconstant
µ. TheresultsareshowninFig.5.5fordiﬀerentdielectricenvironmentsofa MoS2
monolayerandindependenceontheelectrondopingconcentration. Weseeadecrease
ofµwithincreasingdopinguptox 0.07fromvaluesofµ∼0.3toµ<0.2forthe
freestandinglayer(εsub=1);forhigherdopinglevels,µisnearlyindependentofthe
doping.Inthelow-dopingregime,x 0.07,whereonlytwoFermipocketsaround
thetwoKpointsarepresent,thecouplingµisrenormalizedbyupto∼ 30%via
externalscreening,resultinginadecreaseofµwithincreasingdielectricconstantofthe
environment.Incontrast,athigherdopingconcentrationsµisclearlymuchlesssensitive
tothedielectricenvironment,andvariationsofµduetoexternalscreeningarelimited
to 10%.
Ifweaccountforthemulti-valeystructureoftheFermisurface(seeFig.3.7),µis
nolongerasimplescalarbutbecomesamatrixintheelectronicvaleys. Tofurther
investigatetheeﬀectofthedielectricenvironment,wediscussthismatrixstructureof
µ.Forlowdopingconcentrations,whereonlythetwovaleysaroundtheKpointsare
5Forthissubsection,thecalculationsusebandstructuresofundopedTMDCsandtreatthedoping
asarigidshiftoftheFermilevel.Thischangesthevaluesofthecriticalelectrondopingatwhich
additionalFermipocketsarisebutdoesnotinﬂuencethetrendsandconclusionssincetherelative
changeoftheminimaatKandΣisnotimportanthere.
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Figure5.6.:Valuesofthe2×2-matrixµ[cf.Eq.(5.1)]forlowdopingconcentrationsand
theirdependenceonthedielectricenvironment.
occupied,weobtainthefolowingstructure
µlow= µintra µinterµinter µintra , (5.1)
wherethestates{k,k}inEq.(2.100)areinthesamevaleyforµintrawhiletheyare
indiﬀerentvaleysforµinter.Thesumofal matrixelementsyieldsthetotalcoupling
constantµ.Acomparisonofexternalscreeningeﬀectsonintra-andintervaleyCoulomb
scattering(Fig.5.6)showsthatessentialyonlytheintravaleyscatteringisaﬀectedby
thedielectricenvironment;theintervaleyscatteringexperiencesnonotablechange.
Theseobservationscanbeexplainedintuitively.6 Externalscreeningismosteﬀective
whentheseparation(∼1/q)oftheinteractingchargesinsidethemonolayerislarger
thanthedistance∼12dtotheirimagechargesintheenvironmentbutsmalerthanthe
internalThomas-Fermiscreeninglength1/qTF[cf. Eq.(2.57)],i.e.,forqTF <q< 2d
(cf. Fig.4.7). Asaconsequence,theinﬂuenceofthesubstrateweakensassoonas
qTF 2d. Usingtheeﬀectivethicknessofd≈ 9.1Å,aThomas-Fermiwavevector
qTF =2πe2N(EF)/(Aε1(qTF)),andabackgrounddielectricconstantontheorderof
ε1(q)≈ε∞ =9.3forq>2d,weﬁndthatthesubstrateinﬂuenceisminorassoonasthe
densityofstatesattheFermilevelexceedsN(EF) 0.19/eVperunitcel.InMoS2,we
haveN(EF)≈0.4eV−1andN(EF)≈2eV−1forlow(x<0.07)andhighelectrondoping
6SeealsothediscussioninSec.4.3.
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Figure5.7.:DevelopmentofaveragedCoulombinteractionµwithelectrondopinginseveral
TMDCs.
Table5.2.:ValuesoftheaveragedCoulombinteractionµandthedensityofstatesperspinat
theFermilevelN(EF)fordiﬀerentTMDCs,shownasaveragesofseveralvalues
athighdoping(semiconductors)orfortheundoped,halfﬁledmaterial(metals).
ForN(EF)ofthesemiconductors,seealsoFig.3.8.
Material MoS2 MoSe2 WS2 WSe2 NbS2 NbSe2µ 0.189 0.214 0.182 0.186 0.235 0.217
N(EF)(1/eV) 1.02 1.24 0.99 1.02 1.40 1.42
concentrations(x>0.07),respectively,whichmeansthatsubstrateinﬂuenceisweak,
especialyintheregimeofhighdopingconcentrations. However,forsuﬃcientlylow
dopingconcentrations,thescatteringinsidethesameK-orK’-valeycanbecontroled
viathesubstrates.
WenowcomparetheresultsfortheaveragedCoulombrepulsion µinseveralTMDCs.
ThedependenceofµonelectrondopinginthediﬀerentsemiconductingTMDCsisshown
inFig.5.7.OneobservesasimilartrendinalTMDCs,namelyadescreasefromvalues
between0.25and0.3toaconstantvaluearound0.2uponincreasedelectrondoping.
ThesmaldiﬀerenceofMoSe2totheotherthreematerialscanbeexplainedinpartsby
theslightlylargerDOSattheFermilevel,seeFig.3.8,whichleadstoalargervalueof
theCoulombrepulsion,seeEq.2.101.ThetungstenmaterialshavealowerDOSatthe
Fermilevelthanthemolybdenummaterialsinthelow-dopingregimewhichmaybethe
reasonfortheslightlylowervaluesofµ.
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Thesimilarityofthevaluesofµathighdoping,whereal KandΣvaleysareoccupied,
canalsobeseeninTab.5.2.There,weshowtheaverageµintheful metalicregime
foralsixTMDCs,i.e.,athighdopingforthesemiconductorsandfortheundoped/half-
ﬁledcaseforthemetals.ThisaverageCoulombinteractionisbetween0.18and0.24for
alsixmaterials.Again,onereasonfortheoveralsimilarvaluesaswelastheslightly
largervaluesinMoSe2andtheniobiumcompoundscanbetheDOSattheFermilevel,
becauseµ=N(EF)W inasimplepicturewithlocalinteractionW,seeEq.(2.101).
Eq.(2.101)canalsobeusedtogaininsightintothetherangeofvaluesthatispossiblefor
theaveragedCoulombrepulsion.Anupperlimitforµcanbecalculatedviatheunitary
limitoftheCoulombinteraction,V→ ∞. Thisleadstothefolowingestimationfor
themaximumofthescreenedonsiteinteraction,derivedfromEq.(2.51):
Wmax= V1−V·Π
V→∞= −1Π
q→0= 12N(EF) (5.2)
wherewehaveusedthelong-wavelengthlimitofthepolarization,seeEq.(2.58),and
takenintoaccountthattheinteractionisscreenedbyalelectrons,whichleadstothe
factorof2duetoa(inourcase)spin-degenerateDOS.Sincetheprefactorinthecalcu-
lationofµisonlytheDOSperspin,thisleadstoanestimationof
µmax=N(EF)Wmax=12 (5.3)
fortheupperlimitoftheCoulombrepulsion. Withaµofupto0.3inthelow-doping
regimeofthesemiconductingTMDCs,ourvaluesareat60%orlessofthismaximal
value.
Inchapter4,wediscussedapseudo-Restamodelasanimprovementofthesimpleﬁt
oftheCoulombinteraction,seeSec.4.2.1.UsingthismodeltocalculatetheCoulomb
interactioninsteadofthesimplemodelusedsofarhasonlyaminorinﬂuenceonthe
valuesforµ,asisapparentfromFig.5.8.Inthelow-dopingregime,thevaluesofthe
pseudo-Restamodelareslightlyhigherbyanamountoflessthan2%,whilethechange
inthehigh-dopingregimeisbarelyvisible.
Asalaststep,weshowthechangeoftheCoulombpseudopotentialµ∗[seeEq.(2.104)]
withdopinganddielectricenvironmentforthecaseofMoS2inFig.5.9.Forfree-standing
MoS2weobserveadecreaseofµ∗fromµ∗>0.25toµ∗ 0.15forx 0.07,whichis
causedbythecorrespondingdecreaseinµandthedecreaseinthephononfrequency
ωlog(seeTab.5.1and[193]). Atlargerelectrondopingconcentrations,µisbasicaly
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Figure5.8.:ComparisonoftheaveragedCoulombinteractionµforelectrondoped MoS2,resultingfromthesimpleFitfortheinteractionandthepseudo-Restaﬁt.
constantandwehaveµ∗∼0.13. For MoS2embeddedinametalicenvironment,µ∗
showsessentialythesametrendwiththeonlydiﬀerenceincomparisontothefree-
standingcasebeingareductionofµ∗byupto25%,particularlyatlowdoping,which
couldshifttheonsetofthesuperconductingphasetoalowerdopingconcentrationthan
thecriticalconcentrationforthefreestandinglayer.
AsigniﬁcantTcisonlyreachedwhentheexponentinEq.(2.106)iscloseto−1orlarger,
especialywhentheelectronsmainlycoupletoacousticphononsasitisthecaseforthe
TMDCs(cf.Fig.5.3)and,thus,thefrequencyωlogisrathersmal,e.g.Tc ωlog1.2kBe−2.
Toachievethis,λ>3µ∗hastoberealizedfortherangeof0.1<µ∗<0.3found
here.Fromthecomparisonofµ∗andλ/3inFig.5.9,weseethatasigniﬁcantTc(as
occurringforλ>3µ∗)canonlybeobservedoncex 0.07,i.e.,whenbothvaleys
intheconductionbandareoccupiedbyelectrons. Thisresultforthestrongeﬀectof
theLifschitztransitiononthecriticaltemperatureistrueforalfoursemiconducting
TMDCsdiscussedhere,aswewilseeinthenextsection,seeTab.5.3.
WethusconcludethatthefrequentuseofaconstantfortheCoulombpseudopotential,
e.g.µ∗=0.13[81,116,192],isnotsuﬃcientinthecaseofelectrondoped MoS2to
describetheinﬂuenceoftheCoulombinteractiondirectlyatthetransitiontothesu-
perconductingphase.However,µ∗∼0.13yieldsasuﬃcientdescriptionoftheCoulomb
repulsiondeepinthesuperconductingphase.
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Figure5.9.:DevelopmentofeﬀectiveCoulombinteractionµ∗andelectron-phononinteraction
λwithelectrondopinginMoS2.Thevaluesofλarescaledbyafactorof3forcomparability.
5.1.4. Criticaltemperatureandphasediagram
Experimentaly,evidenceofasuperconductingphaseinfew-layerMoS2wasﬁrstfound
byYeetal.,[22],whereadomeshapeofthecriticaltemperatureuponelectrondoping
viaelecticﬁeldgatingwasobserved,seeFig.1.2. Theexperimentalphasediagram
includedarapidonsetofsuperconductivityatacertaincriticaldopingandamaximum
criticaltemperaturearound10Katdopinglevelx≈0.1. Thisphasediagramshares
somesimilaritieswiththephasediagramobservedinhigh-temperaturesuperconductors
[97]whichisonereasonfortheinterestofthescientiﬁccommunityintheseresults.High-
temperaturesuperconductorsalsosharesomesimilaritieswiththeTMDCsconcerning
theircrystalstructureduetothelayeredstructureofthecuprates.Thedopingdepen-
denceofsuperconductivityinthesemiconductingTMDCswasalsofoundintheoretical
studiesonMoS2[192,193]aswelasexperimentalinvestigationsofMoSe2[28].
AfeatureofsuperconductivityinmetalicTMDCsisitsenhancementuponpressure
whichwasfoundinRef.[203]forbulkNbSe2andinRef.[204]forbulkNbS2.Further-
more,severalstudieshavefoundthatthecriticaltemperaturereduceswithdecreasing
thicknessofthefew-layer MoS2[36]andNbSe2[11,23,26](seealsoFig.1.1). The
reasonbehindthisreductionhasnotbeenclearlyidentiﬁedsofar.Onepossibilitythat
hasbeendiscussedintheliterature[36]isenhancedCoulombinteractionduetothe
98 5.Electronicinstabilitiesintwo-dimensionalmaterials
Table5.3.:CriticaltemperaturesofsuperconductivityinelectrondopedTMDCsbelow,di-
rectlyatandabovetheLifshitztransition.Tocalculatethesevalues,thevalues
inTab.5.1andtheAlen-Dynesequation(2.106)wereused.Forcomparabilityof
thevaluesofonematerial,avalueofµ∗=0.15isusedinalcases.Notethatthe
valuesofthedopingxofdiﬀerentmaterialsarenotnecessarilycomparable.
Material MoS2 MoSe2 WS2 WSe2xbelow 0.05 0.05 0.02 0.03
Tc,below(K) 0.2 0.3 0.0 0.2
xat 0.075 0.08 0.05 0.05
Tc,at(K) 6.5 9.3 2.9 4.6
xabove 0.087 0.09 0.08 0.08
Tc,above(K) 11.2 CDW 10.0 CDW
lowdimensionalityandthereducedscreeningofthesystem. Fromtheresultsinthe
previoussectiononµ∗,wecanalreadystatethatthedropinthecriticaltemperatureof
TMDCswhengoingfromthebulkormultilayer-systemtoamonolayercannotbecaused
bythiseﬀectasfarasourcalculationsgo,becausethevaluesoftheelectron-phonon
coupling(seeTab.5.1)aremuchlargerthantheµ∗≈0.13,whichweﬁndintheregion
ofoptimaldopingindependentlyofthedielectricenvironmentoftheMoS2monolayer.
However,onetopicthatisnotincludedinthisthesisarethepossibleeﬀectsofdisorder
onthephasediagram.Theseeﬀectscanbeverysigniﬁcantandcanleadtoareduction
ofthecriticaltemperatureofthesuperconductingphase,especialyinsystemswithlow
dimensionality[205].
Fromtheresultsobtainedsofar,wecancalculatethecriticaltemperaturesofthe
electron-dopedsemiconductingTMDCsusingtheAlen-Dynesequation(2.106)together
withthevaluesinTab.5.1.Theresultingdatawithcriticaltemperaturesbelow,at,and
abovetheLifhitztransitionispesentedinTab.5.3. Weseethatalfourmaterialshave
avanishingTcbelowtheLifshitztransitionandarapidonsetofthesuperconducting
phaseatthetransition.Themaximalcriticaltemperaturesreachedforhighdopingcon-
centrationsareabove10K.Duetothefactthatthecouplingtolow-frequencyacoustic
phononsdominatesintheTMDCs,wedonotreachhighercriticaltemperaturessuchas
thosecalculatedforfunctionalizedgraphene(seeSec.5.2)despitethestrongeﬀective
electron-phononcouplingevidencedbylargevaluesofλ.
Usingourdataaswelasthedatafrom[22]and[193],wecandrawagenericphasedia-
gramofthesemiconductingTMDCsunderelectrondoping,seeFig.5.10.Byincreasing
thedopinglevel,ourcalculationspredictthatthematerialsﬁrstbecomemetalic,then
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Figure5.10.:SketchofthegenericphasediagramincludingtheDFT,DFPTandEliashberg
resultsforsemiconductingTMDCsuponelectrondoping.
turnsuperconductingandeventualyobtainaCDWphase.Thearrowsindicatethatin-
creasedsubstratescreeningεsubcanshifttheonsetofthesuperconductingphasetowards
lowervaluesoftheelectrondoping,whileanincreaseintheatomicmass,i.e.,theuse
ofaheaviertransitionmetalorchalcogen,leadstotheformationoftheCDWphaseat
lowerdopingconcentrationsduetolowerphononfrequencies(seeSec.5.1.2). Whilethe
coexistenceofCDWphasesandsuperconductivitywasinvestigatedforbulk,metalic
1T-TaS2[19],wearenotawareofanyexperimentalstudythathasinvestigatedfew-layer
ormonolayersystemsofthesemiconductingTMDCsunderhighelectrondopingand
searchedforaCDWphase.Forhigh-temperaturesuperconductors,apossiblecompe-
titionbetweensuperconductivityandCDWhasbeeninvestigatedforexampleinRef.
[206]. WhethersuperconductivityandtheCDWphasecoexistinmetalicTMDCsand
whetherthesuperconductingorderpersistsbeyondthecriticaldopingofthepredicted
CDWinthesemiconductingTMDCsisunclearandhastobeinvestigatedexperimen-
taly.
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5.2. Conventionalsuperconductivityinfunctionalized
graphene
Superconductivityinfunctionalizedordoped,i.e.,metalicgraphenematerialswasal-
readyinvestigatedinalotofstudiesfromboththeoryandexperiment,[207–212]among
others.Inthisthesis,wediscusstheexampleofpartialyhydrogenatedgrapheneC8H2
andlookatthepossibilityofelectron-phononsuperconductivity.Theelectronicprop-
ertiesofthismaterialwereinpartsalreadyshowninSec.3.2.Aswasmentionedthere,
C8H2isaninterestingmaterialsincetheplacementofthehydrogenatomsonjustone
sideofthecarbonlayerleavestheothersideopenforfurtherfunctionalization,e.g.
viasubstrates.Furthermore,thematerialisespecialyinterestingconcerningitssuper-
conductingpropertiesduetothelargephononfrequenciesandresultinghighcritical
temperaturesthatcanbeobtainedinhydrogenandcarboncompoundsbecauseoftheir
smalatomicmasses.
TheCoulombinteractioningraphenewasalreadyinvestigatedbyseveralstudies,for
example[34,81];wewilnotdiscussithereanduseaconstantCoulombpseudopotential
ofµ∗=0.15whencalculatingthecriticaltemperatureofthesuperconductingphase.The
dopingthatisneededtohavefreechargecarriersintheotherwisesemiconductingC8H2
ismodeledagainviaadditionalormissingelectrons,compensatedbyahomogeneous
jeliumbackground[cf.Eq.(2.13)];thismeansthatnochemicaldopingisconsidered
explicitly.
5.2.1.Superconductingphase
Toinvestigatethepossibilityofasuperconductingphasethatisinducedbyelectron-
phononcouplingindopedC8H2,welookatthephonondispersionupondoping,the
phononicdensityofstatesandthefunctionα2F.InFig.5.11(top)weseetheresultsfor
electrondopingsofx=−0.1andx=−0.4;thecorrespondingelectronicbandstructures
wereshowninFig.3.15.ComparedtotheTMDCs(seeFig.5.3forMoSe2),thephonon
dispersionofC8H2hasaricherstructure,consistingof30modessincethereare10
atomsintheunitcel. Thethreeacousticmodesliebelow320cm−1;theyexperience
nosubstantialsofteninguponelectrondoping.Between330cm−1and1550cm−1wesee
alargegroupof25opticalmodeswhereonlytwomodesaround500cm−1arestrongly
softened.Seperatedfromtheotheropticalmodes,twoC-Hstretchingmodesliebetween
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Figure5.11.:Phononicdispersion,DOSandα2FforC8H2underelectrondoping(top)andholedoping(bottom).TheZA-modeisunstablearoundΓduetothefactthat
theatomicstructureisnotfulyrelaxedforsymmetryreasons;cf.Sec.3.2.
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2680cm−1and2730cm−1. Theyareverysimilartothehigh-energyopticalmodesin
graphane[207]andshowasmalsofteninguponelectrondoping. Sincetheyhavea
veryﬂatdispersion,theDOSofthesetwomodesisratherlarge.Additionaly,thereis
oneotherpeakinthephononicDOSaround1250cm−1;besidesthesetwofeatures,the
phononicDOShasvaluesatorbelow0.05eV−1.
ViathethirdpanelinFig. 5.11(top),showingthevaluesofthefunctionα2F,we
canonceagaindistinguishbetweenDOSandelectron-phononcouplingeﬀects(cf.Sec.
5.1.2).TheacousticmodesandthetwoC-Hstretchingmodeshaveonlymarginalvalues
forα2FdespitetheirﬁniteDOSwhichshowsthatthecouplingoftheelectronstothese
modesisratherweak.Futhermore,theelectronsdonotcouplestronglytothemodes
around1250cm−1whichhaveapeakintheDOS.Instead,thecouplingisstrongfor
theopticalmodesbetween1000cm−1and1250cm−1aswelasforthemodesaround
500cm−1.Thesizeablevaluesofα2Fjustbelow1500cm−1canbeattributedtoboth
thecouplingandtheDOS.
Inthecaseofholedoping[seeFig.5.11(bottom)forx=0.8removedelectronsoraddi-
tionalholesperunitcelofC8H2],theacousticphononbandsarenotanymoredecoupled
fromtheopticalmodes.Thisisasignforthestrongsofteningofthelow-frequencyop-
ticalphonons. RatherstrongsofteningcanalsobeseenfortheC-Hstretchingmodes
withashiftofupto100cm−1.Furthermore,thesetwomodeshaveagainalargeDOS,
butthecouplingtotheelectronsisalmostnegligibleascanbeseenfromα2F∼0.The
otheropticalmodeshavevaluesofα2F 1whichshowsthattheycouplesigniﬁcantly
totheelectrons,similartothecaseofelectrondoping. Whatisdiﬀerentforholedoping,
though,isthatthereislargecouplingintheacousticfrequencyrangebelow250cm−1
resultingintwopeaksinα2F.ThisdiﬀerencecanbeexplainedviathediﬀerentFermi
surfacesofC8H2uponelectron(seeFig.3.15)andholedoping(seeFig.3.16)andthe
correspondingorbitalcharacters(seeFig.3.17).Inthecaseofelectrondoping,the
Fermisurfaceconsistsoftwo(three)partialydegenerateFermipocketsaroundΓbefore
(after)theLifshitztransition,andtherelevantelectronshavepurelycarbonpz-character.
Uponholedoping,aholepocketaroundMinthehighestvalencebandarisesandthe
correspondingconductionelectronshavecarbonpz-aswelashydrogens-character.
Thecouplingtothelow-frequencymodesinthelattercaseis,thus,alsoduetothese
hydrogenelectrons.
SimilartothediscussionofMoSe2inSec.5.1,wenowhavealookatthefrequency-
dependentelectron-phononinteraction,seeFig.5.12. Fortheelectron-dopinglevels
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Figure5.12.:Frequency-dependentelectron-phononinteractionλ(ω)inC8H2attwoelectrondopinglevelsx=0.1andx=0.4aswelasforholedopingx=0.08.Values
wereobtainedbysettingtheupperboundaryoftheintegrationinEq.(2.83)to
ω,whichisequaltosettingn=ninEq.(2.99).Forω→ ∞,theinteraction
valuesareequaltothevaluesofλenteringtheAlen-Dynesequation,seeTab.
5.4.ThecolorsarethesameasinFig.5.11.
x= −0.1andx= −0.4,weseethatthecontributionoftheacousticphononsto
thefulefectiveinteractionλisnegligible. Themaincontributionofmorethan50%
stemsfromthelower-frequencyopticalphononsaround500cm−1. Theintermediate-
frequencyphononsbetween1000cm−1and1500cm−1alsocontributesigniﬁcantly,while
theamountofeﬀectiveinteractionfromthehigh-frequencystretchingmodesisnegligible.
Forholedoping,thesituationissimilartoMoSe2,cf.Fig.5.4,sincethestrongcoupling
toacousticphononsaround200cm−1amountstomorethan75%ofthefuleﬀectiveλ.
Thecontributionsoftheotherphononsathigherfrequenciesaresimilartothecaseof
electrondoping.
Fromthevaluesofthefunctionα2Fwecancalculatetheparametersofsuperconductivity
viatheequationsinSec.2.6.2.Theresultsforbothelectronandholedopingareprovided
inTab.5.4.Asigniﬁcantcriticaltemperatureofupto40Kandmoreisobtainedinboth
cases. Thisisaratherlargevalueforaconventionalelectron-phononsuperconductor
andcomparable7totheTcof39KfoundinMgB2,[213–215].Thereasonforthislarge
criticaltemperatureisthecouplingtohigh-frequencyopticalphononmodes.Forthe
TMDCsweobtainedcomparablevaluesfortheeﬀectiveelectron-phononcouplingλ∼1
7ThesituationinMgB2ismorecomplexduetothemulti-gapnatureofthesuperconductingphase,whichisbeyondthescopeoftheisotropicEliashbergorAlen-Dynesapproachusedhere.Ifone
wantedtodescribethecriticaltemperatureofabout40Kin MgB2withinthelatterapproachanyway,aneﬀectiveinteractionofλ=1.01,afrequencyofωlog=453cm−1,andavalueofµ∗=0.1
wouldbereasonableaccordingtoRef.[213].
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Table5.4.:ParametersforthesuperconductingphaseindopedC8H2,calculatedbyDFPT(seeSec.2.5.2)andEliashbergtheory(seeSec.2.6.2). Negativevaluesforthe
dopingxrepresentelectrondoping,whilepositiverepresentholedoping.Avalue
ofµ∗=0.15isusedforalcriticaltemperatures.
Dopingx couplingλ ωlog(cm−1) Tc(K)
-0.1 0.29 930 0.1
-0.2 0.48 865 3.5
-0.4 0.57 773 7.7
-1.0 1.48 535 51.4
0.1 0.51 685 3.6
0.2 0.60 577 6.8
0.3 0.87 504 20.0
0.4 1.48 488 34.7
0.8 2.15 320 43.2
(seeTab.5.1),butthesevaluesresultedinconsiderablylowercriticaltemperatures(see
Tab.5.3)duetothecouplingtolow-frequencyacousticphonons.ForthecaseofC8H2
discussedhere,alreadyalowerλleadstoalargercriticaltemperaturebecauseofthe
largevaluesforωlog.Especialyinthecaseofholedoping,wherewehavearatherlarge
Tc 20Kalreadyatdopinglevelsx 0.3,anotherreasonisthestrongcouplingwhich
resultsfromthehighelectronicDOSsincetheFermilevelisclosetothemaximumat
theMpoint(seeFig.3.16). Muchlargerelectron-dopinglevelsofuptox∼1.0are
neededtogetaneﬀectivecouplingofsimilarstrength.
Inbothdopingregimes,aLifshitztransitiontoalargernumberofFermipocketstakes
placeatx∼−0.2andx∼0.9,respectively(seeFigs.3.15and3.16). Thesetwo
transitionshavediﬀerenteﬀectsonthesuperconductingphase.Atthecriticalelectron
doping,weseeasigniﬁcantenhancementofλwhichleadstoariseinthecriticaltemper-
ature.Forholedopinglevelsx 0.9,thecouplingtoacoustic,instablephononsleads
tonon-zerovaluesofα2Fatnegative,i.e.,imaginaryfrequencies.Inthiscase,theuse
ofEliashbergtheoryinthesimpleAlen-Dynesformisnolongervalidandweare,thus,
notabletocalculatesuperconductingparametersforhole-dopinglevelsbeyondx=0.8.
Furthermore,weseethattheatomicstructureofC8H2usedinthisthesisisnotstable
beyondholedopinglevelsofx 0.9.
Asalastpoint,weneedtomentionthatthevalidityofsomeoftheresultspresentedhere
canbequestioned.In[155],theC8H2-structurethatweuseforalourcalculationswas
foundtobestableonlyuptoacriticaldopingofx=0.05additionalelectronspercarbon
atomwhichcorrespondstoadopinglevelofx=±0.4perunitcelasdiscussedhere.
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Assumingthephasediagramtobesymmetric,thismeansthatthecrystalstructureof
C8H2mightbediﬀerentfromtheoneinFig.3.13for|x|>0.4whichwouldcertainly
changetheparametersofthesuperconductingphase.
Toconclude,superconductivityinC8H2wasinvestigatedherefortheﬁrsttime. Wehave
seenthatcriticaltemperaturesof40Kandmorecanbeachievedinelectronaswelas
hole-dopedC8H2.ThehighvaluesforTcresultfromastrongcouplingoftheelectrons
toacoustic(holedoping)andoptical(electrondoping)phononswithhighfrequencies
duetothelowatomicmassesofhydrogenandcarbon.
5.3. Unconventionalsuperconductivityin MoS2
Byunconventionalsuperconductivitywemeanthattheeﬀectiveelectron-electroninter-
actionwhichleadstotheformationofCooperpairsandisresponsibleforthesupercon-
ductingphaseisnotmediatedbyelectron-phononinteraction,butratherbysomeother
mechanismsuchaschargeorspinﬂuctuations.Sincetheexperimentalobservationof
high-temperaturesuperconductivityinthecuprates[97],alotofsuchmechanismshave
beendiscussed[99]. Mostofthemsharethattheirpairingisofpureelectronicnature
andthattheorderparameter,i.e.,thegapfunction,hasalowersymmetrythanthe
s-waveofconventionalelectron-phononsuperconductors.
Inthissection,weinvestigatepossibleunconventionalsuperconductivitythatariseswhen
theFermisurfaceconsistsofmultipledistinctsheets,andwherethepairingispurely
mediatedbytheotherwiserepulsiveCoulombinteractionbetweentheelectrons. This
FermisurfaceisrealizedintheelectrondopedsemiconductingTMDCs,seeFig.3.7.
WeﬁrstwritedowntherelevantequationsstartingfromanisotropicBCS-theory(see
Sec.2.6.1)andthendiscusstheexampleofMoS2asatypicalsemiconductingTMDC.
MostofthissectionwasalreadypublishedbytheauthorinRef.[159].
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5.3.1. BCSequationsinthemulti-valeycase
Togetaneﬀectivemean-ﬁelddescriptionthatcanbeusedforthediscussionofuncon-
ventionalCoulomb-drivensuperconductivity,weusetheanisotropicBCSequations,see
Eq.(2.86)andRef.[216],
∆k=−1N k
V(k,k) ∆k2E(εk)tanh
βE(εk)
2 , (5.4)
where∆kistheanistropicgap,Nisthenumberofunitcels,V(k,k)isthecouplingof
momentakandk,E(εk)= ε2k+∆2kistheenergy,andβistheinversetemperature.
IftheFermisurfacecanbedividedintodiﬀerentvaleysFSi(asitisthecaseinthe
dopedsemiconductingTMDCs,cf.Fig.3.7)andiftheenergygap∆isconstantineach
valeyanddoesnotdependonthewavevectork,wecansimplifythedescriptionofthe
gapto
∆k=∆i ifk∈FSi. (5.5)
Inthisway,thesummationoverkinEq.(5.4)canbedecomposedintoasummation
overFermisufacesheetsandasummationoveral momentakontherelevantFermi
surfacesheet.Ifwefurtherrewritethesummationoverkintoanenergyintegration
andintroducethepartialDOSpervaley
Ni= 1Nk∈FSi
δ(εk−ε), (5.6)
wearriveattheexpression
∆i=−
j
Vij∆jNj2
Ecut
0
dε 12E(ε)tanh
βE(ε)
2 , (5.7)
whereweassumeaconstantcouplingVijinsideaswelasbetweenthevaleysandan
energycutoﬀEcut.
Closetothecriticaltemperature,thegapis∆≈0whichleadstoE(ε)≈ε,andwecan
rewritetheintegrationto
βEcut/2
0
dxtanhxx ≡F(βEcut/2) (5.8)
withthefunctionF(x)andx=βε/2.ThefunctionF(x)canbeevaluatednumericaly
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Figure5.13.:FunctionF(x)asdeﬁnedinEq.(5.8)andusedfromEq.(5.9)onwards.
andhaspositiveﬁnitevaluesforalx,seeFig.5.13.Theseapproximationsleadtothe
expressionofthegap
∆i=−
j
Vij∆jNjF βEcut2 . (5.9)
Wedeﬁneadimensionlessvaley-valeycouplingconstant
µij= 1N(EF)VijNiNj, (5.10)
whereN(EF)isthetotaldensityofstatesperspinandthefulcouplingmatrixisgiven
by(µ)ij=µij,similartoEq.(5.1).Notethattheabovedeﬁnitionofµijcanberegarded
asananisotropicextensiontotheresultfortheaveragedCoulombrepulsionµinthe
caseofpurelylocalcoupling,seeEq.(2.101).Usingthisterminology,Eq.(5.9)becomes
∆i=−
j
N(EF)
Ni µijF
βEcut
2 ∆j. (5.11)
Thiscanbecastintoamatrixformvia
0=(N+N(EF)Fµ)∆, (5.12)
whereNisthediagonalmatrixcontainingthedensityofstatespervaleyand∆ isa
vectorofthegapsineachvaley.
Anon-trivialsolutiontoEq.(5.12)existsif
det[N+N(EF)Fµ]=0. (5.13)
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Otherwise,[N+N(EF)Fµ]wouldbeinvertibleandEq.(5.12)couldbefulﬁledviathe
trivialcase∆=0.SinceN(EF)andFarealwayspositive,Eq.(5.13)hasnosolutionif
aleigenvaluesofNandµarepositive.Furthermore,sinceNhasonlypositiveentries
andisdiagonal,itcanhaveonlypositiveeigenvalueswhichmeansthatthenecessary
criterionisthatatleastoneeigenvalueofµisnegative. Asuﬃcientcriterionfora
non-trivialsolutionand,thus,asuperconductinginstabilitywithanon-vanishinggap
∆isanegativeeigenvalueofN−1/2µN−1/2.ThiscanbeseenbymultiplyingEq.(5.12)
withN−1/2fromleftandrightandbylookingatthecharacteristicpolynomialofthe
resultingcondition,detN−1/2µN−1/2+1/{N(EF)F}1=0.
Ifµisa2×2-matrixwithonlypositive,i.e.,repulsiveentriesasitisthecasein
ourcalculationsintherangeoflowelectrondoping[cf. Eq.(5.1)],ithasanegative
eigenvalueoncetheoﬀ-diagonalelementislargerthanthediagonalelements,which
meansinourcasethatthecouplingbetweenthetwovaleys,µinter,islargerthanthe
couplinginsideofonevaley,µintra.ThisscenariowasoriginalyproposedforMoS2in
therangeoflowdopinginRef.[217].IftheFermisurfaceconsistsofmorethantwo
valeys,asitisthecaseforMoS2underhighelectrondopingwheretheFermisurface
hassixadditionalpocketsandµisan8×8-matrix,therearevariousµinterandµintra,
anditismoreinsightfultodirectlydiscusstheeigenvaluesoftheµ-matrix.
5.3.2. Resultsofmatrixcalculations
Ingeneral,superconductivityoccurswhenthetotalcouplingbetweentheelectronsis
attractive,µtot<0. Forconventionalphonon-mediatedsuperconductivity,asitwas
discussedinSecs. 5.1and5.2,thisisthecasewhentheeﬀectivecouplingbetween
electronsmediatedbythephononsovercomestheelectron-electronrepulsion. Aswe
showedintheprevioussection,asuperconductinginstabilityisalsopossibleforapurely
repulsiveCoulombinteractionifatleastoneeigenvalueofthecouplingmatrixµis
negative. Wenowinvestigatewhetherthistypeofsuperconductingorderispossiblein
electrondopedMoS2andthesemiconductingTMDCsingeneral.
Atlowdopinglevels,i.e.,whenonlytwoFermisurfacesheetsaroundthetwoKpoints
existinthesemiconductingTMDCs(seeFig. 3.7),µinter>µintrawouldleadtoa
negativeeigenvalueofµand,thus,toasuperconductingphase. Thisphasewouldbe
purelyelectronicalymediatedwithanunconventionalsign-changingorderparameter
(∆K =−∆K)asdiscussedinRef.[217]. However,asonecanseefromFig. 5.6
andFig.5.14,theintravaleycouplingisalwayslargerthantheintervaleycoupling
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Figure5.14.:Dependenceofthe2×2-matrixµ[cf.Eq.(5.1)]ontheelectrondopingcon-
centrationxinthecaseoflowdoping. Wepresenttheeigenvaluesforvacuum
(ε=1)andmetalic(ε=∞)surrounding.
andµhasonlypositiveeigenvalues. Thismeansthatthedescribedsituationisnot
realizedinfreestandingMoS2.Furthermore,itcannotbeachievedusingsubstratesor
cappinglayerswitharbitrarilylarge(qindependent)dielectricconstants.Althoughthe
additionalscreeningbythedielectricenvironmentcanlowertheintravaleycoupling
constantbyupto30%,seeFig.5.6,itisnotstrongenoughtoachieveµinter>µintra.
Inthehigh-dopingregime,wedonotﬁndanynegativeeigenvalues,either(seeFig.
5.15).Furthermore,thereisnosigniﬁcantdiﬀerenceinthevaluesforfreestandingMoS2
andMoS2inaperfectlymetalicdielectricenvironment,here.Thisinsensitivitytothe
dielectricenvironmentuponhighdopingwasalreadyoberservedforthefulaveraged
Coulombcouplingconstantµ(seeFig.5.5).Thus,Coulomb-drivensuperconductivityis
notpossibleinMoS2belowandabovetheLifschitztransitioninvolvingthemechanism
ofseveralFermipocketsdiscussedhere. Sinceboththeelectronicstructureandthe
averagedCoulombcouplingareverysimilarfortheothersemiconductingTMDCs,see
Figs. 3.6and5.7,wecanexpandthisconclusiontoalfourmaterialsinvestigated
here.Alinal,weconcludethatforunconventionalelectron-drivensuperconductivityin
dopedMoS2orothersemiconductingTMDCsonewouldneedmorecomplexmechanisms
involvingastrongerrenormalizationoftheinteractionsatlowenergiesthanwhatcan
beachievedviasubstrates[218].
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Figure5.15.:Dependenceofthe8×8-matrixµontheelectrondopingconcentrationxinthe
caseofhighdoping.Theeigenvalueswithbackgrounddielectricconstantε=1
(left)andε=∞ (right)areshown.
5.4. ChargeandspinorderinTMDCs
ChargeorderhasbeenapopularresearchtopicintheTMDCsinrecentyears.Especialy
thetypicalChargeDensity Wave(CDW)materialNbSe2hasreceivedalotofattention
[16,23,194,219–223]butothermetalicTMDCsandtheirCDWphaseshavealsobeen
studied,e.g.TaS2[19,24]andTaSe2[224].
Oneoriginaltheoreticaldescriptionofchargeorderthatisoftenreferredtowasper-
formedbyPeierlswhoshowedthataone-dimensionalmetalicchainisnotstableatlow
temperatures[225].Rather,theunderlyingatomiclatticegetsdistortedwhichleadsto
achargemodulationcaledchargedensitywavewiththewavevectorq=2kF.Aband
gapopensupandthematerialbecomesinsulating.SincetheworkbyPeierls,alotof
theoreticalandexperimentaleﬀorthasbeenputintotheinvestigationofCDWs;they
havebeenfoundinmaterialswithhigherdimension,andmoresophisticateddescriptions
havebeendeveloped[226].
BesidesthePeierlsmechanismandrelatedmechanisms,wherechargeorderarisesdueto
theinterplayofatoms,electronsandphonons,chargeordercanalsoariseduetostrong
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Coulombrepulsionwhichpinstheelectronstotheatomicsites. Thesemechanisms
arequalitativelydiﬀerentsinceinahalf-ﬁledbanddescribedbyaHubbard-Holstein
Hamiltonian,cf. Eq.2.16,largeelectron-phononcouplingmayleadtoabipolaronic
insulatorwhilelargeelectron-electroncouplingmayleadtoMottinsulatingstates,see
Ref.[49].
Asimilarphenomenonisthemagneticorderingoftheelectronicspinsthatcanleadto
SpinDensity Waves(SDWs),ferromagnetism,andothermagneticphenomena.Forthe
TMDCsandrelatedmaterials,magneticorderingwaspreviouslyobservedintheoretical
resultsforvanadiumbasedcompounds[227,228],whileferromagneticorderingupon
strainwaspredictedtooccurinniobiumcompounds[229].Furthermore,thepossibility
ofSDWsinNbS2wasdiscussed[184].
Inthissection,wediscusschargeorderintheformofCDWswhichmeansthatwe
lookatinstabilitiesinthephononicdispersion,seeSec.5.4.1,aswelasinthecharge
susceptibility,seeSec.5.4.2.Theseinstabilitiessignalatendencyofthesystemtowards
aperiodicmodulationofthelatticepositionsand,accordingly,oftheelectroniccharge
density.Additionaly,welookatthepossibilityofspinordersignaledbyanenhancement
ofthemagneticsusceptibility,seeSec.5.4.3.Inalsubsections,wefocusontheexample
ofNbS2sinceitturnsoutthatthismaterialisonthebrinkbetweenspinandcharge
orderandis,thus,anespecialyinterestingcase.
5.4.1.Latticeinstabilityandchargedensitywave
ForthemetalicTMDCsNbS2andNbSe2,ourcalculationsofthephonondispersion
usingDFPTpredictaninstabilityatapointbelowtheMpointinreciprocalspace,see
Figs.5.2andB.3,respectively.Inbothcases,theminimumofthesoftenedphonon
frequencyisatqCDW ≈ 2/3ΓM whichindicatesathreefoldsymmetryoftheCDW
phase,i.e.,thatthephaseiscommensuratewitha3×3-supercel.Thisisindeedthe
wavevectoratwhichtheCDWinstabilityoccursinbulkandprobablymonolayer2H-
NbSe2[16],whichshowsthatDFTandDFPTcalculationscanalreadybesuﬃcientto
describechargeordering.Ontheotherhand,noanharmoniceﬀectsareincludedhere,
and,thus,thesuppressionoftheCDWphasethatisobservedinbulk2H-NbS2[195]
cannotbereproducedbyourcalculations. WhethermonolayerNbS2exhibitsaCDW
phasehasnotbeeninvestigatedexperimentaly,asfarasweknow,soourresultthata
CDWexistsinthissystemcannotbeveriﬁed.
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Figure5.16.:PhononicdispersioninelectrondopedMoSe2showingpossibleCDWinstability.
InadditiontotheatleastpartialycorrectdescriptionoftheCDWinthemetalic
TMDCs,ourcalculationspredicttheoccurenceofaCDWforthesemiconductorsupon
highelectrondoping. Usingagaintheexampleof MoSe2,weshowinFig.5.16that
thestrongsofteningoftheLAacousticmodeleadstoaninstabilityatthe Mpoint,
meaningthattheresultingCDWphaseiscommensuratewitha2×2-supercel.Similar
resultswereobtainedfor MoS2inRef.[193],andwealsoﬁndtheinstabilityat M
for WS2and WSe2. Thisresultcanbeveryinterestingsinceitmeansthatnotonly
thesuperconductingphase,butalsotheCDWphaseinsemiconductingTMDCscanbe
tunedexternalyviatheelectrondopinglevel,seeFig.5.10.Asalreadymentionedin
Sec.5.1.4,wedonotknowofanystudythathaslookedforaCDWinthehigh-doping
regimeofmonolayersemiconductingTMDCs. Thus,itremainsunclearwhetherthe
CDWinstabilityfoundhereisonlyatheoreticalpredictionoralsoarealeﬀectfound
inexperiments.AsindicatedinFig.5.10,theonsetoftheCDWphasecanbeshifted
towardslowerelectrondopingconcentrationsbytheuseofheavieratomsduetothe
loweredphononfrequencies.ThisleadsustothepredictionthattheCDWphasewil
bemosteasilyrealizableinexperimentson WSe2(seealsoTab.5.3).
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5.4.2.Instabilityinthechargesusceptibility
Inadditiontolookingattheatomicpropertiesofamaterial,i.e.,thephononicdispersion
inourcase,andimplyingthataCDWgoeshandinhandwithalatticeinstability,
indicationsofaCDWcanalsobefoundbylookingattheelectronicchargesusceptibility.
Anenhancementandadivergenceoreventualyasignchangearoundsomewavevector
qcritinthisquantitycanbeinterpretedasaninstabilitytowardstheformationofacharge
orderedphasewithwavevectorqcrit,whichwouldresultinanincreaseddoubleoccupancy
andeventualyleadtoaninsulatingstate[49].Byperformingmodelcalculationsforthe
chargesusceptibility,wecangaininsightintotheformationofchargeorderbeyondthe
rathersuperﬁcialinterpretationofphonondispersionsobtainedfromDFPT.Employing
againtheRPAapproximationandthematrixformalismfortheelectronicorbitals,as
alreadydonefortheplasmonicspectrainSec.4.4,thechargesusceptibilityorcharge
responsefunctioncanbecalculatedusingaDysonequationvia
χch=−Π·(1−V∗Π)−1 (5.14)
whereΠ=Π0(q,ω)isthepolarizationobtainedfromRPAcalculations,seeEq.(2.53),
andwhereweincludeamodelelectron-phononcouplingλ(ω)inadditiontotheinterband
andbackgroundscreenedinteractionV[seeEq.(4.6)]
V∗=V−λ(ω)


1 1 1
1 1 1
1 1 1

. (5.15)
Inthestaticlimit,themodelelectron-phononcouplingisequaltothecouplinginthe
Hubbard-Holsteinmodel,i.e.,λ=2g2/ω0,andweuseλ=1.55eV.Awayfromω=0,
themodelelectron-phononinteractionisfrequency-dependentwith
λ(ω)=g2D0(ω)=2g2 ω0ω2−ω20 (5.16)
withthenon-interactingphononGreen’sfunctionD0[seeEq.(2.24)]. Weusean
electron-phononcouplingofg=0.1245eVandaphononfrequency8ofω0=20meV,
whichleadtoλ=1.55eVinthestaticlimit.ThematrixofonesinEq.(5.15)meansthat
weassumeaneﬀectiveelectron-phononcouplingthatisthesameforthethreerelevant
8Valuesaround150cm−1∼20meVaretypicalfortheshort-wavelengthacousticphononsofNbS2andotherTMDCs,cf.Fig.5.2.
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Figure5.17.:Realpartofthestaticmacroscopicchargesusceptibilityχch(q,ω=0)infree-
standingmonolayerNbS2ascalculatedviaEq.(5.14). WeshowthevaluesofχforaCoulombinteractionV∗withoutelectron-phononcouplingasdescribed
inEq.(5.15)(Left)andthevalueswithstaticmodelelectron-phononcoupling
λ=1.55(Right). Theblacklinescorrespondtotheboundariesoftheﬁrst
Brilouinzone.
electronicorbitals.Thisisbasicalycomparabletotheuseofaneﬀectiveelectron-phonon
interactionintheAlen-DynesapproximationtotheEliashbergtheoryofsuperconduc-
tivity,seeEq.(2.83).
InFig.5.17weshowtheresultsforthemacroscopicvalue[seeEq.(4.4)]ofχch(q,ω=0)
forλ=0andλ=1.55.Ifweremindourselvesthatthestaticnon-interactingsuscep-
tibility,whichisjusttheRPApolarizationΠ0(q→ 0,ω=0),haslimitingvaluesof9
1/3·N(EF)∼1/3·2.8eV−1∼1eV−1,seeEq.(2.58)andTab.5.2,wecandirectly
concludethattheCoulombinteractionreducesthechargesusceptibilityquitestrongly
byafactorof∼10ormoreifnoelectron-phononinteractionispresent.Ontheother
hand,onecanseethattheadditionalelectron-phononcouplingleadsastrongenhance-
mentofthestaticsusceptibilityandtoasign-changinginstabilityaroundqcrit=0.6ΓM.
Thisindicatesthatlargeenoughelectron-phononcouplingcantriggertheformationof
aCDWinNbS2.ThecriticalvalueofthewavevectorissimilartotheobservedCDW
vectorof2/3ΓMthatwasdiscussedinSec.5.4.1whichshowsthatthetendencytowards
chargeorderinthemetalicTMDCscanalreadybeunderstoodonaRPAlevel.
Figs.5.18and5.19showtheresultsforthedynamicsusceptibilityχch(q,ω)alongthe
9Thefactorof1/3resultsfromtheuseofthemacroscopicvalueofthesusceptibilityandthepolariza-
tion,cf.Eq.(4.4).Asimplesumofal matrixelemtsofthe3×3polarizationmatrixwouldyield
theful DOSattheFermilevelinthestaticlong-wavelengthlimit.
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Figure5.18.:Realpartofthe macroscopicchargesusceptibilityχch(q,ω)infreestanding
monolayerNbS2ascalculatedviaEq.(5.14)forthepathfromΓto Minreciprocalspace(cf.Fig.3.3). WeshowthevaluesofχforaCoulombinter-
actionV∗withoutelectron-phononcouplingasdescribedinEq.(5.15)(Left)
andthevalueswithmodelelectron-phononcouplingg=0.1245eVandphonon
frequencyω0=20meV
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Figure5.19.:SameasFig.5.18forsmalfrequenciesω.
pathfromΓtoM.Theinstabilityaroundqcrituponincreasedelectron-phononinteraction
isonlypresentforverysmalfrequenciesbelowthephononfrequencyω0=20meV;at
higherfrequencies,thereisnovisiblediﬀerencebetweenthevaluesofthesusceptibility
withandwithoutelectron-phononcoupling.Thisshowsthatthecouplingtophononsis
onlyrelevantinasmalenergyrange,atleastinthecaseofacousticphonons.Overal,
thesusceptibilitywithoutelectron-phononcouplinghassimilarfeaturestotheEELS
spectrumofNbS2,seeFig.4.11.Itshowsasign-changingtransitionfromaminimumto
amaximumatfrequenciesofaround1eVforwavevectorsbelow0.5ΓMwhichissimilar
totheplasmonicdispersion.
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5.4.3.Instabilityinthespinchannel
Sofar,possiblemagneticorderinginNbS2wasstudiedinRef.[184].There,asingle-band
modelwithoutorbitalcharacters[cf.Eq.(2.53)]andwithoutCoulombinteractionwas
used.TheauthorsfoundpossibleSDWinstabilitiesatawavevectorqcrit=0.4ΓM.
Wemakeuseofthemagneticresponsefunction[seeEq.(2.17)]ormagneticsusceptibility
Rij=δσˆiδBj (5.17)
whichdescribesthechangeofthespindensity σˆduetoachangeintheappliedmagnetic
ﬁeldBwithi,j∈[x,y,z,−,+].The+and−correspondtotheraisingandlowering
ofspins,i.e.,theladderoperatorsˆσ+ =ˆσx+iˆσyandˆσ− =ˆσx−iˆσy.ThePaulimatrices
σx,σy,σzaregiveninEq.(2.93).
Tocalculatethemagneticsusceptibility,weusetheformalismdescribedinRef.[230]
whichmeansthattheT-matrixapproximationaswelastheGWapproximation(seeSec.
2.4)areemployed.Therelevantquantityforourconsiderationsisthespinsusceptibility
whichisthetransversemagneticsusceptbilityR−+(q,ω).Inourcase,theequations
fromRef.[230]yieldfortheinteractingsusceptibility
χsp(q,ω)=R−+(q,ω)=−
mn αβ
σ−βασ+αβ Kαβmn,nm(q,ω)+Lαβmn,nm(q,ω) (5.18)
withspinindicesα,βandorbitalindicesm,nwhichareagaingivenby{dz2,dxy,dx2−y2}.
Sincewedonottakespin-orbitcouplingintoaccountandhaveaspin-degenerateband
structureandCoulombinteraction,thekernelsK andLdonotdependonthespin
indicesandthesummationoverPaulimatricesinEq.(5.18)yields
αβ
σ−βασ+αβ=4. (5.19)
ThekernelKisgivenby
Kkl,mn(k,q,iω
k
n
m
l
k
k−q
)= (5.20)
whichisequaltoanopenRPAbubbleand,thus,thenegativeoftheRPApolarizability
fromEq.(2.53),whichinturnmeansthatthenon-interactingsusceptibilityisrelated
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tothepolarizabilityvia
R−+Non−Int(q,ω)=42Π0(q,ω) (5.21)
wherethefactor4comesfromthesummationoverPaulimatricesasmentionedabove
andthe2resultsfromthefactthattheRPApolarizabilitythatweusedintheprevious
chapterswascalculatedwithoutspin-orbitcouplingand,thus,alincludedbandswere
two-foldspin-degenerate.
TocalculatetheKernelL,whichisdeﬁnedby
Lkm,ln T
k
n
mk
n l
m
l
= (5.22)
weneedtheso-caledT-matrixwhichincorporatesalinteractioneﬀects.Theelements
ofthismatrixfolowtheBethe-Salpeterequation
Tkl,mn(q,ω)=Wkl,mn+
kl,mn
Wkk,nnKkl,mn(q,ω)Tkl,mn(q,ω) (5.23)
wheretheCoulombinteractionW isthefulyscreenedlocalinteractionasgiveninTabs.
B.8andB.11.Adoptingageneralizedindexnotationofaproductbasiswithk˜={k,n}
andm˜={l,m},wecanrewritetheaboveequationusingamatrixformalism
T=W +W ·K·T. (5.24)
Fromthisequation,similartoaDysonequation,wecanobtaintheT-matrixdirectly
via
T=(1−W ·K)−1·W. (5.25)
ThekernelListhencalculatedvia
L=K·T·K. (5.26)
OurresultsforthestaticspinsusceptibilityaregiveninFig.5.20. Weﬁndthesame
criticalwavevectorqc=0.4ΓMas[184]forthenon-interactingsusceptibility,butthe
susceptibilityissuppressedforlargewavevectorsduetotheinclusionoforbitalchar-
actersandtheresultingoverlapmatrixelementsinourmodel. Furthermore,wesee
astrongenhancementintheinteractingsusceptibilityduetothefulyscreenedonsite
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Figure5.20.:(Left)Non-interactingstaticspinsusceptibilityR−+Non−Int(q,ω=0)forNbS2.(Right)InteractingstaticspinsusceptibilityR−+(q,ω=0)forNbS2. BothquantitieswerecalculatedusingEq.(5.18),wherewesetL=0forthenon-
interactingsusceptibility11.Theblacklinescorrespondtotheboundariesofthe
ﬁrstBrilouinzone.
interactionasgiveninTabs.B.8andB.11;theenhancementleadstoadiﬀerenceofup
toanorderofmagnitudecomparedtothenon-interactingsusceptibility. Thischange
upontheinclusionofinteractioneﬀectsisaclearindicationthatqc=0.4ΓMcanindeed
beacritical10pointformagneticorderinginNbS2.Theenhancementisusualycaled
aStonerenhancement,sinceforthesingle-bandandsingle-orbitalcasewhereΠandW
arescalars,wecancalculatethemagneticsusceptibilityinthelong-wavelengthlimitvia
R= Π1−WΠ (5.27)
withtheDOSattheFermilevelN(EF)=Π(q→0,ω=0)andtheonsiteinteractionW.
FromEq.(5.27),wecandirectlyseetheStonercriterionwhichstatesthatamagnetic
instabilityistobeexpectedforN(EF)W>1.
Whetherspinand/orchargeorderareindeedrealizedinmonolayerNbS2isbeyondthe
scopeoftheRPAapproachpresentedhere.Todecidethisquestion,oneneedstheories
thatincludethecorrelationofbothelectron-electronandelectron-phononinteraction,
suchastheDualBosonmethod[90,91].However,ourresultsclearlyshowthatNbS2
10Wecalthispoint criticalalthoughthespinsusceptibilityisonlystronglyenhancedanddoesnot
divergehere.
11Onemightexpectthenon-interactingsusceptibilitytobeequaltotwicetheDOSattheFermilevel
inthelong-wavelengthlimitduetoEq.(5.21). Thisisonlytruehereifoneconsidersascaling
factorof1/3whicharisesduetotheuseofthemacroscopicvaluesasshowninEq.(4.4).
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isanintermediateinterestingcasesinceitexhibitscharacteristicaofthetransitionsto
bothphases.Thismeansthatitmightbepossibletoexperimentalytunetheorderin
NbS2viasubstratesorotherexternalparameters.

6. Conclusions
Althoughmanyfundamentalpropertiesof2Dmaterialshavebeeninvestigatedinthe
lastcoupleofyears,alotofopenquestionsremainintheresearchonthisnewmaterial
class.Onetopicthathasnotreceivedenoughattentionandisnotyetfulyunderstood
istheCoulombinteraction,alongwithitsinﬂuencesonthe(many-body)properties
of2Dmaterialsanditsinterplaywithotherinteractionssuchastheelectron-phonon
interaction. WhileitisknownthattheCoulombinteractioncanbeverystrongin
lowdimensionsduetoreducedenvironmentalscreening,thedetailsandeﬀectsofthe
interactioninspeciﬁcsituationsareoftenunclear.
Inthisthesis,weperformedadetailedinvestigationoftheCoulombinteraction,along-
sidewithcalculationsforthepropertiesofthephonons,andwithafocusonthesix
transitionmetaldichalcogenides(TMDCs)MX2withM =Mo,W,NbandX=S,Se.
Webuildupamaterialdatabasecontainingbothelectronicandphononicproperties,
theelectron-electroninteraction,theelectron-phononinteraction,andresultingphases.
Tothisend,wemadeuseofDensityFunctionalTheoryandDensityFunctionalPertur-
bationTheoryasimplementedinthesoftwarepackageQuantumEspresso,aswelas
(c)RPAcalculationsemployingtheSpexandFleurcodesandourownRPAcode.
Asaﬁrstresult,weobtainedasimple,yetaccurateandmaterial-speciﬁcmodelforthe
bandstructureandtheCoulombinteractionin2DsemiconductingandmetalicTMDCs.
WestudiedtheCoulombinteractionandthescreeningandfoundthattheycanhavea
profoundinﬂuenceonmany-bodyinstabilities.Furthermore,2Dmaterialsshowastrong
tunability,whichwasinvestigatedheresystematicalyconcerningtheuseofdopingand
dielectricsubstrates. Wesawthattherearemanysimilaritiesinthebehaviorofthe
diﬀerentsemiconductingormetalicTMDCs,respectively.
Inmoredetail,wefoundatourleveloftheorythattheplasmondispersionquantiﬁed
bytheelectronenergylossspectrumdependsstronglyontheelectrondopingleveland
thedielectricenvironment. Thedome-shapedorsimilarlystructuredsuperconducting
phasefoundexperimentalyindopedsemiconductingTMDCscouldbereproducedwith
maximumcriticaltemperaturesabove10Kandanonsetatsomecriticalelectrondoping
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level.Furthermore,wefoundthattheinﬂuenceoftheCoulombrepulsiononsupercon-
ductivitygoesbeyondasimple,doping-andmaterial-independentconstantµ∗,which
leadstoashiftoftheonsetofthephase. Weobservedadecreaseofthevaluesofµ∗
withincreaseddoping,withreasonablevaluesµ∗∼0.13inthehigh-dopingregime.
BeyondconventionalsuperconductivityintheTMDCs,ourcalculationspredictasuper-
conductingphasewithhighcriticaltemperaturesabove40Kinelectronorhole-doped
functionalizedgrapheneC8H2,whichwasinvestigatedherefortheﬁrsttimeconcerning
itssuperconductingproperties.Incontrasttoprevioustheoreticalstudies,weﬁndthat
nounconventionalsuperconductivityispossibleinthedopedsemiconductingTMDCs,
basedonthemechanismofdiﬀerentFermipocketsandastrongintervaleyCoulomb
repulsionconsideredhere.
ChargeorderinformofaChargeDensity Wave(CDW)isafrequenttopicforthe
TMDCs,especialyinNbSe2. OurinvestigationsyieldaCDWforal TMDCs,with
qcrit≈0.6ΓMinmetalsfrombothDFPTandRPAcalculations,whichissimilartothe
orderingobservedinexperimentsandtheoreticalstudiesonNbSe2.Inalsemiconduct-
ingTMDCsuponhighelectrondoping,weﬁndchargeorderwithqcrit≈MfromDFPT
calculations,whichisapredictionnotyetinvestigatedbyexperiments.Furthermore,
weﬁndpossiblemagneticorderinthemetalicTMDCNbS2withastrongStoneren-
hancementofthespinsusceptibilityaroundqcrit≈0.4ΓM.Thisresultisanindication
ofacompetitionbetweenchargeandspinorderinthemetalicTMDCs;thestrong
correlationsinvolvedinthisprocessarebeyondtheRPAapproachusedhere.
Alinal,thisthesispresentsastepforwardtowardsapredictivetheoryofthephasesand
interactionsof2DmaterialsandespecialyTMDCs. Weseethatthepropertiesofthese
materialsaredeterminedbyacomplexinterplayofdiﬀerentfactors,notablytheCoulomb
interaction,theelectron-phononinteractionandthescreening.Furthermore,thisshows
thatitispossibletomanipulatethepropertiesinanon-invasivewayfromoutsideof
themonolayersystem.Thediﬀerentelementsofthematerialdatabasedevelopedhere,
especialythesimplemodelforthebandstructureandtheCoulombinteraction,present
ingredientsthatarerelevantforthefurtherstudyoftheTMDCs.Thisincludesavariety
ofsubjectssuchastheexcitonicproperties,wheretheresultson WS2arepartofan
upcomingpublication,ortheuseofmonolayerTMDCsinbothverticalandlateral
heterostructures,whichisforexamplediscussedinRefs.[31,32].
A. Detailsofcalculations
A.1. TMDCs
A.1.1.Electron-phononcalculations
Wehaveusedk-meshesof 64×64×1pointsfortheﬁneelectron-phononcoupling
calculationsinvolvedintheDFPT-codeofQuantumEspressoand32×32×1points
forthecoarsecalculationsoftheelectronicandphononicstructure.Theq-meshforthe
phononswasmadeupof8×8×1pointsinreciprocalspace.Cut-oﬀsweresetto60Ry
forthewavefunctionsandto500Ryforthechargedensity.
InTab.A.1weshowthepseudopotentialsthatweusedforeachmaterialaswelasthe
latticeconstants. Togetthelatticeconstants,weminimizedthetotalenergyofeach
systemusingQuantumEspresso.Thepseudopotentialswerechoseninsuchawaythat
thephononcalculationsusingDFPTworkedandyieldedreasonableresultsandthat
thebandstructuresfromourcalculationsmatchedthosefoundintheliterature.For
example,thismeansthatforMoSe2,weneededtouseaGGApotentialsincecalculations
involvingLDApotentialsyieldedanindirectbandgapinthemonolayer,whichwasnot
foundexperimentaly[231].
TableA.1.:Pseudopotentialsandlatticeconstantsthatweusedforthecalculationsofdiﬀer-
entTMDCsinQuantumEspresso.
Material Pseudopotential latticeconstant(a0)
MoS2 LDA,PW[66],MT[232] 5.90MoSe2 GGA,PBE[69],MT[232] 6.28WS2 GGA,PBE[69],HGH[233] 6.07WSe2 GGA,PBE[69],HGH[233] 6.34NbS2 LDA,PW[66],MT[232] 6.13NbSe2 GGA,PBE[69],MT[232] 6.57
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A.1.2. RPAandcRPAcalculations
Weperformed(c)RPAcalculationsinSpexforthesixdiﬀerentTMDCsinasemicon-
ductingstateatvacuumheightsfrom∼30a0to∼60a0andextrapolatedtheresults
toinﬁnitevacuumheighttogetthebestestimationoftheCoulombinteractionofan
isolatedmonolayer.Alcalculationsweredoneonan18×18×1k-mesh,exceptforthe
calculationsofMoS2,whereweuseda16×16×1k-mesh.
InTab. A.2,weshowthelatticeconstantsforthecalculationsinFleurandSpexas
welastheUnitcelareasthatareusedtoﬁtthebareCoulombinteractionaccording
toEqs.(4.5)and(4.11).
TableA.2.:Latticeconstantsandunitcelareasthatweusedforthecalculationsofdiﬀerent
TMDCsinFleurandSpex.
Material Unitcelarea(Å2)latticeconstant(Å)
MoS2 8.758 3.180MoSe2 9.546 3.320WS2 8.818 3.191WSe2 9.574 3.325NbS2 9.840 3.371NbSe2 10.612 3.501
Concerningthecalculationswhichemploythethree-bandmodelanduseourownRPA
code,wehavetomakesurethattheresolutionoftheFermisurfaceisﬁneenough.This
iswhyweusek-meshesof576×576pointsforallineplotsoftheplasmondispersions
oftheTMDCsinametalicstateaspresentedinSec.4.4.Forthecalculationofthe
eﬀectiveCoulombrepulsionµ∗ofMoS2inSec.5.1.3,wehavealsousedourownRPA
codeandk-meshesof500×500points.
A.2.Functionalizedgraphene
A.2.1.Electron-phononcalculations
Wehaveusedalatticeconstantof 9.315a0=4.93Åforthe2×2supercel,whichis
equalto2.465Åforaprimitivegrapheneceland,thus,onlyslightlylargerthanthe
∼2.46Ålatticeconstantofgraphene.ThepotentialswereGGA,PBE[69],MT[232]
potentials,similartothecalculationof MoSe2asdescribedabove. Wehaveuseda
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vaccumheightof12.3Å.Thek-mesheswere16×16×1fortheelectronstructureand
coarsephononcalculationand32×32×1fortheﬁneelectron-phononmesh. Theq-
meshforthephonondispersionconsistedof4×4×1pointsinreciprocalspace. Wehave
checkedourprocedurebycomputingtheelectronicbandstructureforgraphaneand
comparingtotheliteraturein[207].

B. PhononicandCoulombpropertiesof
variousTMDCs
Inthisappendix,wepresentthedataforourﬁtsofthedensity-densityCoulombinter-
actionandthephonondispersionfortheTMDCsconsideredinthisthesis,aslongas
theywerenotshownelsewherealready. Additionaly,weshowdatafortheexchange
interactioninRPA.
B.1. MoS2
•Thephononandelectron-phononcalculationsforMoS2thatweuseinthisthesis
werepreviouslydescribedin[73,113,193].
•PartsofthedatafortheCoulombinteractionwerealreadypublishedin[159].
TableB.1.:ParametersofCoulombinteractioninMoS2.
bareU
leadingEV,quadratic
γ(Å) 2.091
leadingEV,cubic
γ(Å) 1.932
δ(Å2) 0.395
microscopicEV
U2(eV) 0.810
U3(eV) 0.367
dielectricε
leadingEV,simple
ε∞ 9.253
d(Å) 9.136
leadingEV,pseudo-Resta
a(1/Å2) 2.383
b 17.836
c(Å) 5.107
d(Å) 2.740
e 5.739
microscopicEV
ε2 3.077
ε3 2.509
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TableB.2.:BareonsiteUaswelasbackgroundscreenedonsiteVandfulyscreenedonsite
CoulombmatrixelementsW forthethreeimportantorbitalsinrealspace.Values
forW areintherangeoflowelectrondopingx≈0.04intheﬁfth(Wlow,Kis
occupied)andforhighelectrondopingx≈0.13inthelastcolumn(Whigh,Kand
Σareoccupied).
bare undoped doped
orbitals U(eV) V(eV) Wlow(eV) Whigh(eV)
dz2 dz2 9.11 1.55 0.82 0.68
dz2 dxy 8.30 1.29 0.58 0.44
dz2 dx2y2 8.30 1.29 0.58 0.44
dxy dxy 8.89 1.49 0.80 0.64
dxy dx2y2 8.52 1.35 0.65 0.51
dx2y2 dx2y2 8.89 1.49 0.80 0.64
B.2. MoSe2
•ThephononpropertiesofMoSe2andtheirbehaviourupondopingweredescribed
inthemaintextinFigs.5.1,5.3and5.16.
•TheCoulombinteractionparametersweregiveninTabs.4.1and4.2.
B.3. WS2
TableB.3.:ParametersofCoulombinteractionin WS2.
bareU
leadingEV,quadratic
γ(Å) 2.455
leadingEV,cubic
γ(Å) 2.130
δ(Å2) 0.720
microscopicEV
U2(eV) 0.712
U3(eV) 0.354
dielectricε
leadingEV,simple
ε∞ 7.593
d(Å) 11.960
leadingEV,pseudo-Resta
a(1/Å2) 3.947
b 29.931
c(Å) 5.440
d(Å) 1.578
e 4.497
microscopicEV
ε2 2.979
ε3 2.494
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FigureB.1.:Phononicdispersioninundoped WS2.
TableB.4.:BareonsiteUaswelasbackgroundscreenedonsiteVandfulyscreenedonsite
CoulombmatrixelementsW forthethreeimportantorbitalsinrealspace.Values
forW areintherangeoflowelectrondopingx≈0.03intheﬁfth(Wlow,Kis
occupied)andforhighelectrondopingx≈0.12inthelastcolumn(Whigh,Kand
Σareoccupied).
bare undoped doped
orbitals U(eV) V(eV) Wlow(eV) Whigh(eV)
dz2 dz2 8.37 1.57 0.89 0.71
dz2 dxy 7.66 1.33 0.67 0.48
dz2 dx2y2 7.66 1.33 0.67 0.48
dxy dxy 8.19 1.52 0.87 0.68
dxy dx2y2 7.84 1.38 0.73 0.54
dx2y2 dx2y2 8.19 1.52 0.87 0.68
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FigureB.2.:Phononicdispersioninundoped WSe2.
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TableB.5.:ParametersofCoulombinteractionin WSe2.
bareU
leadingEV,quadratic
γ(Å) 2.376
leadingEV,cubic
γ(Å) 2.297
δ(Å2) 0.174
microscopicEV
U2(eV) 0.715
U3(eV) 0.360
dielectricε
leadingEV,simple
ε∞ 8.435
d(Å) 12.661
leadingEV,pseudo-Resta
a(1/Å2) 2.430
b 20.764
c(Å) 5.761
d(Å) 2.489
e 5.305
microscopicEV
ε2 3.028
ε3 2.481
TableB.6.:BareonsiteUaswelasbackgroundscreenedonsiteVandfulyscreenedonsite
CoulombmatrixelementsW forthethreeimportantorbitalsinrealspace.Values
forW areintherangeoflowelectrondopingx≈0.03intheﬁfth(Wlow,Kis
occupied)andforhighelectrondopingx≈0.12inthelastcolumn(Whigh,Kand
Σareoccupied).
bare undoped doped
orbitals U(eV) V(eV) Wlow(eV) Whigh(eV)
dz2 dz2 8.33 1.42 0.83 0.65
dz2 dxy 7.62 1.18 0.61 0.43
dz2 dx2y2 7.62 1.18 0.61 0.43
dxy dxy 8.15 1.38 0.81 0.63
dxy dx2y2 7.79 1.23 0.67 0.49
dx2y2 dx2y2 8.15 1.38 0.81 0.63
B.5. NbS2
ThephonondispersionofNbS2wasalreadyshowninFig.5.2.
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TableB.7.:ParametersofCoulombinteractioninNbS2.
bareU
leadingEV,quadratic
γ(Å) 1.901
leadingEV,cubic
γ(Å) 1.923
δ(Å2) -0.046
microscopicEV
U2(eV) 0.877
U3(eV) 0.393
dielectricε
leadingEV,simple
ε∞ 7.090
d(Å) 9.611
leadingEV,pseudo-Resta
a(1/Å2) 2.488
b 16.479
c(Å) 5.622
d(Å) 2.143
e 4.105
microscopicEV
ε2 2.749
ε3 2.361
TableB.8.:BareonsiteUaswelasbackgroundscreenedonsiteVforanemptyconduc-
tionbandandfulyscreenedonsiteCoulombmatrixelementsW forthethree
importantorbitalsinrealspace.
bare emptyband undoped
orbitals U(eV) V(eV) W (eV)
dz2 dz2 9.19 1.91 0.52
dz2 dxy 8.32 1.60 0.27
dz2 dx2y2 8.32 1.60 0.27
dxy dxy 8.96 1.84 0.51
dxy dx2y2 8.56 1.67 0.35
dx2y2 dx2y2 8.96 1.84 0.51
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FigureB.3.:PhononicdispersioninundopedNbSe2.
TableB.9.:ParametersofCoulombinteractioninNbSe2.
bareU
leadingEV,quadratic
γ(Å) 1.934
leadingEV,cubic
γ(Å) 2.161
δ(Å2) -0.476
microscopicEV
U2(eV) 0.846
U3(eV) 0.384
dielectricε
leadingEV,simple
ε∞ 8.011
d(Å) 10.522
leadingEV,pseudo-Resta
a(1/Å2) 2.040
b 15.149
c(Å) 6.311
d(Å) 2.620
e 5.092
microscopicEV
ε2 2.819
ε3 2.383
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TableB.10.:BareonsiteUaswelasbackgroundscreenedonsiteVforanemptyconduc-
tionbandandfulyscreenedonsiteCoulombmatrixelementsW forthethree
importantorbitalsinrealspace.
bare emptyband undoped
orbitals U(eV) V(eV) W (eV)
dz2 dz2 8.93 1.53 0.45
dz2 dxy 8.08 1.23 0.21
dz2 dx2y2 8.08 1.23 0.21
dxy dxy 8.69 1.46 0.44
dxy dx2y2 8.31 1.30 0.29
dx2y2 dx2y2 8.69 1.46 0.44
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B.7.Exchangeinteraction
Here,weshowthevaluesoftheexchangeinteractionasresultingfromourRPAcalcu-
lationsfortheundopedsemiconductingandthehalf-ﬁledmetalicTMDCs.
TableB.11.:OnsiteexchangeinteractionJforthesixTMDCs.
Material orbitals J(eV)
MoS2 dz2 dxyordx2y2 0.26dxy dx2y2 0.15
MoSe2 dz2 dxyordx2y2 0.27dxy dx2y2 0.15
WS2 dz2 dxyordx2y2 0.26dxy dx2y2 0.15
WSe2 dz2 dxyordx2y2 0.27dxy dx2y2 0.15
NbS2 dz2 dxyordx2y2 0.25dxy dx2y2 0.15
NbSe2 dz2 dxyordx2y2 0.24dxy dx2y2 0.15

C. DeviationofCoulombﬁtfromab-initio
data
InFig.C.1weshowthedependenceoftheeigenvectorsofthebareCoulombinteraction
onthewavevectorin MoSe2. Theerrorsofourﬁtmodelfortheinterbandscreened
interactionVarepresentedinFig.C.2.
137
138 C.DeviationofCoulombﬁtfromab-initiodata
0 0.5 1 1.5 2 2.5−1
−0.5
0
0.5
1
q(1/˚A)
ﬁrstentry
secondentry
thirdentry
0 0.5 1 1.5 2 2.5−0.5
0
0.5
1
q(1/˚A)
ﬁrstentry
secondentry
thirdentry
0 0.5 1 1.5 2 2.50.52
0.54
0.56
0.58
0.6
0.62
0.64
q(1/˚A)
ﬁrstentry
secondentry
thirdentry
FigureC.1.:Ab-initiodataandﬁtmodelaccordingtoEq.(4.3)fortheeigenvectorsofthe
bareCoulombinteractioninMoSe2.
139
0 0.2 0.4 0.6 0.8 1−50
−25
0
25
50
q(1/˚A)
∆o
f
V α
β
to
Sp
ex
in
%
dz2-dz2SimpleFitPseudoRestaFit
0 0.2 0.4 0.6 0.8 1−50
−25
0
25
50
q(1/˚A)
∆o
f
V α
β
to
Sp
ex
in
%
dxy-dxy
SimpleFitPseudoRestaFit
0 0.2 0.4 0.6 0.8 1−50
−25
0
25
50
q(1/˚A)
∆o
f
V α
β
to
Sp
ex
in
%
dz2-dxy
SimpleFitPseudoRestaFit
0 0.2 0.4 0.6 0.8 1−50
−25
0
25
50
q(1/˚A)
∆o
f
V α
β
to
Sp
ex
in
%
dxy-dx2y2
SimpleFitPseudoRestaFit
0 0.2 0.4 0.6 0.8 1−50
−25
0
25
50
q(1/˚A)
∆o
f
V α
β
to
Sp
ex
in
%
dz2-dx2y2
SimpleFitPseudoRestaFit
0 0.2 0.4 0.6 0.8 1−50
−25
0
25
50
q(1/˚A)
∆o
f
V α
β
to
Sp
ex
in
%
dx2y2-dx2y2
SimpleFitPseudoRestaFit
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